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Abstract: A new class of analytic functions with respect to 2k-symmetric conjugate
points is introduced. This class combines the class of starlike functions and convex
functions with respect to 2k-symmetric conjugate points. Some interesting properties
such as subordinations, inclusion relationships, integral representations, convolution
condition and inequalities are discussed in relation to the coefficients of this class of
functions.
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INTRODUCTION

Let A be the class of functions f of the form:

f(z):z+iaﬂz”, 1)

which are analytic in the open unit disc E={z:|z|<1}. Let f and g be two functions which are
analytic in E . We say that the function f is subordinate to the function g (represented by f < ¢
or f(z)<g(z)) in E if there exists a function w analytic in E with w(0)=0 and |w(z)|<1 in E
such that f (z)=g(w(z)). In particular, if g is univalent in E, then f (0)=g(0)and f(E)<g(E).

The classes of starlike and convex univalent functions are defined respectively as

. 7f'(2)
S =Xf:feAandRe—=*>0,zeE},
f(2)
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C=<lf: fed deeM}D__ ZE.El.
4 J

(2)

The class of M (1) of Z-convex function introduced by Mocanu [1] is defined as: Let
f e Aand z7f(z)f'(z)#0.Then f eM () for 1eR if

f/ f! !/
Re (1—/1)Z (Z)+/1(Z (2)) >0, zeE.
f(z)  1(2)
A function f which is analytic in the open unit disc E is said to be starlike with respect to the
symmetric points [2] if it satisfies

f'(2)

f(2)-1(-2)

where ¢(z) € P, the class of functions with positive real part. Such class of functions is denoted by

< ¢(z), z€E,

S. (¢). Also, a function f € A is said to be in the classC, (¢) if and only if
7' €S ().

The class C, (¢) was studied by Stankiewicz [3]. A function f which is analytic in the open
unit disc E is said to be starlike with respect to the symmetric conjugate points [4] if it satisfies

LL <¢(2), z€E,
f(2)-1(-7)
where ¢(z) e P, the class of functions with positive real part. Such class of functions is denoted by
S.. (¢). Also, a function f € A is said to be in the classC_ (¢) if and only if
7f'eS; (p).
The classes S_ (¢) andC_ (¢) were studied by Ravichandran [5].

Al-Amiri et al. [6] introduced and investigated a class of functions starlike with respect to
2k-symmetric conjugate points S’ (¢) which satisfies the relation

zf'(z)
< ¢(z),z€E,
f (2)
where p(z) e P, k> 2 is a fixed positive integer and f,, is defined by
k-1 - .
f, (2) =2—]|-(§(Sﬂf (5”2)+g" f (.9"7)), &= exp%. @)

It is clear that a function f € A is said to be in the class C{ () if and only if
7' e S ().
These classes, S¥(p) of starlike functions with respect to 2k -symmetric conjugate points and
CL (¢) of convex functions with respect to 2k -symmetric conjugate points, were studied by Wang

and Gao [7].
From (2) we have
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f, (x“2)=x"1,(2) and £, (x"Z)=x"1, (2);
f, (x"z) = f,,(2) and f,, (x"7) = f; (2);

f. (Z):ikzl:(g”f"(g”z)Jrg_”m).

u=0

In terms of convolution,

f, (2)= Z+ZZTJCJZJ
Z%((f xh)(z)+(f *h)(i)) where h(z) =%kzl:z(1—x"z)1.

u=2

Wang and Jiang [8] introduced and investigated the class MZ(4,9) which is defined as:
Let f e Aand z*f(z)f'(z)=0.Then f e MZ(4,¢) for 2eR if

C

o e

where ¢(z)eP, k=2 is a fixed positive integer and f,, is defined by (2).

THE CLASS MZ(a, B, 1)

C

Keeping in view the above mentioned classes, we now define the following subclass of
analytic functions with respect to 2k -symmetric conjugate points.

Definition 1. Let f € A and f,, be defined by (2). Then f e MZ(«, 8, 4) if and only if

NG nEs 4 =/ “[(H) N (fo;;(fz)))’H' s ©

where 0<a <1, 0<fB<1,A>0,k=>2.

Special Cases
(i) For 2=1, the class M (e, B,4) yields the class C!’(«, B), consisting of univalent functions
satisfying the condition:

(sz(z))’_,%
n@ 17

where 0<a <1, 0< <1 and k>2.
(ii) ForA =0, the class M2 (a, 8, 1) produces the class S («, B), satisfying the condition:

Zf’(Z) < Zf'—(Z) + Ze
A e

where 0<a <1, 0< <1, andk>2.

(ii1) When k=2, A=1 anda = # =1, we obtain the classC_[9].

(iv)For k=2, 1=0, a=8=1 M (a, B, 1) reduces to the class S_[10].
(v) Taking k=2, 1=1 MZ(«, 3,1) reduces to the classC_(a, ).

(vi) For k=2, 2=0, MZ(a, 8, 1) reduces to the class S (a, ).

C

2k

—h

—~~
N

N
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PRELIMINARY RESULTS

Lemma 2 [11]. Suppose that the functiong is convex and univalent in E with¢(0)=1 and
Re(fpp(z)+y)>0for B, yeC, zek.

If p is analytic in E with p(0) =1, then

Z+L(Z)< z) implies 2)<¢(z2), ze
D(2)+ s 0(z) imples p(2)<5(2). 2< &

Lemma 3 [12]. Let #.»=CT and¢ be a convex and univalent function with

Re(pp(z)+7)>0, z€E.
Also, let he A:h(z)=<¢(z). If peP and

z +(ZL(Z))-< Zz en Z)< Zz
P() = 0(2) tenp(2) <(2),

Lemma 4 [13]. LetF be analytic and convex and univalent inE. If f, ge A and f, g < F, then
of +(1—0')g <F,0<0<1.

MAIN RESULTS
Theorem 1. A function f e MZ(«, B, 1) if and only if
f' 7f'(2))
(1_/1)2 (Z)_'_ﬂ/( ,( ))_<1+ﬂz
ka(Z) fzk(z) 1-apz
Proof. Let f e MZ(a, 8, 4). Then from (3) we have

w(2) () (2) (4(2)
A0 e ““ “[(”) RONEAO H

fr f'(z))
By taking FZk(z)z(l—/l)Z Z§+l(z (2)) , we have

(
f, (z f, (2)
IR, (2)-1" < §*|aF,, (2)+1°

or

(1-a4")|F, (2)12-20+ap*)ReF, (2) < f* -1.

If a #1or 8 #1, then we have

IFZk(z)|2—2[1+“/32jReFZk(z){“aﬂz} __p1 +[1+aﬂ2j

1-a?p? 1-a?f2) 1-a?p? \1-a?p?

or
Ll+ap| < B (1+a)
1-a’ | (1—a2ﬁ2)2’

2
1
+0¢2,B . and radius 'B(—Jj‘?
1-a?p 1-a?p

P (2)

. The function

which represents the disk with centre at
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o(2)<4(2)=

1+ pz
1-apz

maps the unit disk onto the disk

1+aof |< B(1+a)
1-a2f?|  1-a2p?

and we notice that F, (E)c¢(E), F, (0)=¢(0)and ¢is univalent in E . Therefore, we get

1
Fu ()< 0(2) =1
Conversely, suppose that F, (z)~< 11+[;Z . Then using subordination, we write
—afz
1+ Bw(z)
—_— 4
( ) 1- aﬂw( ) @)
where|w(z)|<1. From (4) we have
F, (1)1 1+ﬂw( ) ,Bw(z)+aﬂw(z)| (1+a)w(z) | )
. 1- aﬂw() 1-apw(z) ‘ 1-apw(z ‘
Also,
3 a+aﬂw(z) 3 1+«
o (2)+1)= 1-apw(z) +4_ 1-apw(z)| ©)

By using (6) in (5), we obtain

|F2k (Z)—]J Z'BKank (Z)+1)W(Z)| < ﬂ|aF2k (Z)'”L

where |w(z)|<1for all z € E. This implies that
() (@) ]
[(1 7 NOM } n‘

(1-2) Zf’zzgm(zp(z)) l‘ <pla ST

Hence f e MZ (a, B, 4).
Theorem 2. Let f e MZ (@, 3,4). Then f, e M_ (e, B, 1) . Furthermore, f, €S, (a,B,1).
Proof. Let f e M2(a, 3, 2). Then by Theorem 1, we write
f’ 7f'(z)) 1
(1_/1)2 (Z)-i-/l( '( )) =< +ﬁz’
ka(Z) ka(Z) 1-apz
where f,, is defined by (2), 0<a <1, 0< <1, k>2is fixed positive integer, A >0andz € E . Using

subordination, we write

! f! !
(1-2) zf (z)+l(z ,(z ) _ 1+ pw(z) | e
ka(Z) f2k(z 1—0[,BW(Z)
On replacing z by x"zin (7) form=0,1,2....k -1, x** =1, we have
x"zf'(x"z f'(x"z)+x"zf"(x"z 1+ pw(x"z
(c2) | (enexa(cz) 1o pu(xs) “

(1_/1) P (sz)

Taking conjugate, we write

194 (x"‘z) _1—aﬁw(xmz)'
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(1-2) X" zf '(xmi) f’(xm7)+ X"zt "(x”‘f) _ 1+ ﬁw(xmf) |
f,, (x”‘f) f), (xmf) 1—aﬁw(xm7)
Adding (8) and (9), we obtain
(1-2) zf '(x”m‘z) . xmff’(xmf)
fou (X Z) f, (me)
¥ f’(xmz)+xmzf ”(xmz)+ f’(xm7)+xmff”(xm7) _ 1+,8W(xmz) . 1+ﬁw(xm7) |
o (sz) f) (xmf) 1—0!ﬂW(XmZ) 1—aﬂw(xm7)
By using (2) and applying summation for m=0,1,2...,k —1in the above equation, we have
(1-4) kzl:{ 2t'(x"z) . X"zf '(xmf)}

2k 2|t (x"2) f, (x"2)

+i kl{f'(xmz)+xmzf"(xmz) f’(xm7)+xmif”(xm7)}

)

M

2 & i) ()

l k-1

+

2 mo{l—aﬂW(XmZ) 1_aﬁw(xmf) |

1+ ,Bw(xmz) 1+ ﬂw(xmf) }

Thus,

Z)+ (2, (2)) 1 1+ pw(x"z) N 1+ pw(x"Z)
) ’ z{laﬁw(xmz) 1-apw(x"Z)

(2)
fz’k(z) 2K o

or

)+ (ZfZ,k(Z)), _ik’l 1+ﬂW(XmZ) .\ 1+,Bw(xm7) pla
z) ’ £ (2) _kazé{laﬁw(xmz) 1—aﬂw(xm7) Ple.B].

1+ /2 . This implies that
z

2k

where P[a, B]is a convex set and p(z) <

! f’ !
(1-2) AP (Z)+l(2 2:((2)) < 1+ pz ’ (10)
ka(Z) ka(Z) 1-apz

which further implies that f, eM_(a,B,1).

zf) (z . .
Now, let p(z) = 75(2) . After some manipulation, we have

f (2)

() @) ()
e we P e
From (10), we obtain
p'(z) 1+ pz
p(z)+2 o(2) _<1—a,BZ-

Using Lemma 2, we get

~ #f, (z) 1+ pz
P(z)= f, (2) “1apr
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Hence f,, €S_(a,B,1).

Theorem 3. Let 0<a <1, 0< <1 k>2(fixed positive integer) and A >0. Then
MZ (@, 8.2) = S (a0 B).
Proof. Let f e M2 («, B, 4). Then by Theorem 1, we write

I: \lzf I:Z\l I:f I: j - 1+ Bz
"2 e
where f,, (z) is defined by (2). Now we let

G RO

T (2) fu(2)
where hand p satisfy the conditions of Lemma 3. This implies that
f! ! !
f2k<) e n(z)  1-apz
From (11) and by using Lemma 3, we obtain
o(2) = zf’(z) 1+ pz
f, (z) 1-opz

which implies that f €S (a, ). Hence
M (@ 5.2) < SL (@ B).
Theorem4. Let 0<a<land 0< <1, 0< 4 <A, Then
MZ (@ B.2,) © M (@, B, 4)-
Proof. Suppose that f e M szck (a, B, 4,). Then by Theorem 1 we have

Zfzk( ) ( (Z))I » 1+ pz .
Zk( ) fzk(z) 1-ap:z

h(2)=(1-12)

Also from Theorem 3, we write

_#f'(2) 1+ pz
hz(Z)_ka(z) 1-afz

Now
’ f' ! ’ / f! !
PRGN AL [ ) ij () Al m),, (@)
ka(Z) ka(Z) 12 f2k(z) /12 ka(Z) ka(Z)
A A
=1-— z)+—h,(z
2 A
Since ) ﬁz is a convex set, therefore by using Lemma 4 we get the required result.
—afz

Theorem 5. Let f € MZ(«, 8, 4). Then we have
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1Z£[uexpi—(““)ﬁ 2—1222{ o) . W(Xmg)_)]dgrdu

f, (2)=|=
x(2) AJ.u b 1-apw(x"c) 1—aﬂW(Xmg

0

A

where f,, is defined by equality (2), A# 0, w is analytic in £ with w(0)=0 and |w(z)|<1.
Proof. Let f e M2(, B, 2). Then from Theorem 1, we have

#'(z) (2t'(2)) 1+pz
e R T

By using subordination, we have
(2) (@) _1epu(a)

(1-2) = :
fzk( ) fzk(z) l—aﬂW(Z)
where w is analytic with w(0)=0 and |w(z)|<1. Replacing z by x"z for m=0,12.., k-1,

27 | . .
W = exp %J and using (2), we write

(1-2) X" zf '(xmz) ¥ f'(xmz)+xmzf "(xmz) _ 1+,Bw(xmz) (12)
f, (x"‘z) f,. (sz) 1—aﬂw(xmz)
and
(1-) xmzf’(xmf) ; f’(xm7)+xmzf ”(xmf) _ 1+,8W(xm7) (13)

W07 (7)) Lapw(x)
Adding (12) and (13), we obtain

- (x z) mif’(xmf)
ot e
f

!(XmZ)JFXmTf "(xmf) _ 1+,Bw(xmz) .\ 1+,Bw(x'“7) |
fz'k (sz) f2'k (me) 1—aﬂW(XmZ) 1—0[ﬂW(Xm7)
Again using (2) and applying summation for m=0,1,2...,k -1 in the above equation, we get
(1- /”L)i zt'(x"z) . X"7(x"7)
f, (x z) f, (x z)

ﬂkl
2k

x z +x"zf" ) f'(xm7)+xm7f”(xm7)}

1 kl 1+,6’W X" z 1+ﬁw(xm7)
2km0 1- a,b’w X" z 1_aﬂw(xm7) '

Therefore,

r

bR

z )' 1 kzl:{ 1+,BW(X z) 1+ﬁw(xm7) } (14

) .
z) 2k — 1—a,BW(XmZ) 1_aﬂw(xm7)
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From (13), we obtain

z

(z)+/1(zf2’k(z))' 114 1+ﬂw(xmz) N 1+,Bw(xm7) 1
(2) (2) 7 2kiT |1-apw(X"z) 1-apw(x"7)
2)) 122.;_10(1+a),3 w(x"z) X w(x"z)

)
(1 ﬂ) Z) 7 = 7 1—aﬂw(xmz) 1—aﬂW(XmE)'

On integration, we have

@) @) | jara)p 1| W) w(s)
Ig{ ’ } I 9 ZKZ"H’ 1-apw(X"s) 1-apw(x"s) *
Zlek(z) A N Z(l"'a)ﬂi 1 W(xmg) N W(Xmg)
LZK(Z)} e (2)= p! s ZkZm:° 1-apw(x") 1-apw(x"¢) e 4
Let

- 0] @) R -0 R 01 16)

Since f, is A-convex and if 4 is not an integer, we can select a suitable branch so that F, (z) is
analytic in E . Logarithmic differentiation of (16) gives

(7). 7 (2) (Zfzk( ))
F,. (2) (a=4) f, (2) /1 2 (2)

Since f,, is A-convex in E, F,, is starlike in E. Now we solve (15) for f, by assuming thatA=0.

(The case when A =0gives f, (z)=F, (z)). A formal manipulation leads to the solution:

A

s |

fzk(z): %j‘(sz (g))zdg

s
By using (15), we have
zf%(z)}f e fFa)p wix'e) _wl¥'s) |
Fu(2)= Ln() «(2) Zexpj s ZKZ“1—aﬂW(Xm§)+1—aﬂW(me) )
or
11 t(1+a)B 1 w(x"s) w(x"s) ’
O R T g

which is the required integral representation for f, when f e MZ(a, B, A).

Theorem 6. Let f € M2 (@, 5,4). Then
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O R T O o

. . . . 1
where f,, is defined by (2), w is analytic in E withw(0) =0, |W(z)| <land c= R If2=0, then we

have

f(z)= E kaU(“) 11_+aﬁﬁv\\//v((uu))du
Proof. Let f e MZ(«, B, 4). Then by Theorem 1, we have
1> (2), (sz(z))’: 1+pu(z)
f, (z ) f,(z) 1-apw(z)
where w is analytic in E with w(0)=0 and |w(z)|<1. For A0, multiplying both sides by

1 Sa,
Z[f”(z)y f, (2), we get

1+ Bw(z)
~apw(z)’
where ¢c=1/1. The left-hand side of the above equation is the exact differential of zf'(z)[f,, (2)I°.
Therefore, on integrating both sides with respect to z we obtain

(7)=1HC o (g 2 AW(s)
MO @ TR O

czf'(2)[f,, ()" fz’k(z)+[f2k(z)]°(zf’(z)) =(1+c)[f, (2)I° T, (2 )

Therefore,

1+ﬂw(t)
O T o e e

If 2 =0, then we have

(4) < T (2) 14 puw(2)
F2)= 2z l-apw(z)

Hence

o) b () f*jﬂ“jv((‘”)du

Theorem 7. Let f e MZ (@, 5,4). Then

. LY S | R Y i
{f() [(1— z)’ 2(1—aﬂe‘”)h( )} 2(1—0¢:e‘”)(f )(2)+0

where 0<0<27, 0<a<l 0<pf<lLA>0andzeE.

Proof. Let f e M2 («, B, 4). Then by using Theorem 2 we have
fesy(ap),
which implies that, for 0< 6 <27, we can write
zf'(z ) 1+ Bz
f,, ( ) 1- a,BZ
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, " i0
nd Z(2) 1+ pe _ implies that zf'(z)—(ﬂJ f,(2)%0.

f,(z) 1l-ape 1-ape”
Therefore,
%{Zf’(z)_(lljofﬂezgjfZK(Z)};tO. (17)
For zf’(z)zf(z)*(l_zz)2 and f, (z)= z+ia *3, =%{(f*h)(z)+(f*h)(2)}, where
h(z)= %imzm(z), from (17) we obtain
e Fer o (RN R |
o (2o 2

1+ Be" N 1+ ge” .
{f()[a—) “2a-ape ) )}} a0

Theorem 8. Let f(z)=z+z;ajzj be analyticin Eand 0<a <1, 0< <1, k>2,4>0 with

S (@-AA-ap)j+A-ap)i) a |+

j=2, j=lk+1

0

2=k +D)+ 2} L-ap) + (L~ A)2+ k)] Re(ay,,)ay . | + (18)

j=1

2(1 af)(jk+1)* | Re(a, ,)a, , |+ @- ﬂ)Z(Jk+1)|Re(a,k+1)| <Bl+a)-2,

j= =1

where 1 =0,1,2,.... Then f e M2(«, B, ).

Proof. For the proof of this theorem, the desired result can be obtained by using series
representation (1) and (2) of f and f,, respectively in

M = @1-A)zf'(2) T, (2)+A(zf"(2)) T, (2)- T, (2) Fr (2) | -
Blal-Dat'(2) t (2)+ A (D) y ()} + 1 (2) 4 (2)

and then applying the condition given above in (18).
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