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Abstract: Let K = Q(+/d) be a real quadratic field, where d is a positive square-free
integer congruent to 1 modulo 4. In this paper we determine the first term of the
symmetric part of the continued fraction expansion of the integral basis element w; =
(1 ++/d)/2. Furthermore, we obtain a necessary and sufficient condition for Yokoi’s d-
invariant value to be zero and present some numerical results on the class number of such
real quadratic fields.
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INTRODUCTION

Let K = Q(v/d) be a real quadratic number field, where d is a positive square-free integer.
The continued fraction expansion of the integral basis element w, in Q(v/d) is denoted by w, =

[aO, Ay, s Qg ym1, 209 — 1J, where a4, ay, ..., ay,_1 are partial quotients and kg is the period length
of w,. The fundamental unit &4 of the real quadratic number field is also denoted by

2 ifd =1mod(4)

e = (Td+Ud\/E
d = o 1 ifd=23mod(4)"

)>1, where a={

For any square-free integer d, Yokoi [1] defined some new invariants by taking the fundamental

unit of Q(v/d) as
my = [[l%zﬂ andn, = H;—;’Z]] ,

where [x] represents the greatest integer less than or equal to x. Yokoi also studied the relationship
between these new invariants and the class number of real quadratic fields.

The class-number-one problem for real quadratic fields is still a mysterious classical
problem. It is also essential to determine the fundamental units and Yokoi’s invariants in order to
examine the structures of real quadratic fields and study the class number problems. In an attempt to
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identify Yokoi’s invariants and fundamental units, many studies have been made using various
methods. Mollin and Williams [2] proved that if ng #0 , then &4 <8d/o® and
hg = 1ogng/l ogp, , where p, is the least prime which splits in Q(v/d). Also, Yokoi [3] provided
the following bounds for fundamental units and class numbers when the norm of the fundamental
unit is equal to —1 :
d—4 ;Vd(2 +10gD)
gg>—— and hy <% -
Oincﬁl)

Ng +1
Furthermore, Yokoi [4] investigated the Diophantine equation x? — Dy? = 42 and provided

sufficient conditions for the solvability in terms of Yokoi’s d-invariants.

On the other hand, some mathematicians have studied real quadratic fields which depend on
the period length of the continued fraction expansion of w,. Tomita [5, 6] investigated the
fundamental units of real quadratic fields Q(+/d), where d is a positive square-free integer
congruent to 1 modulo 4, and described explicitly the form of fundamental units such that period kg4
is equal to 3, 4 and 5. He also provided some criteria on Yokoi’s d-invariants using these explicit
forms of fundamental units. Similarly, it was determined that the form of fundamental units for k,
is equal to 6,7 or 8 [7-10]. However, it is observed that the research on Yokoi's invariant for
ks > 6 does not exist. This study aims to obtain a necessary and sufficient condition for Yokoi’s
d-invariant ng to be zero with period k; = 8, using the explicit form of the fundamental unit in the
literature [9]. It also aims to generalise the condition so that it is valid for all periods using a
different method. This study helps in improving estimates of fundamental units and class numbers
for real quadratic fields. It also provides conditions for the solvability of some Diophantine
equations.

PRELIMINARIES

In this section some of the important preliminaries and lemmas are given. For any square-
free positive integer d, we can put d = a® + b witha,b € Z,0 < b < 2a. Here, since Vd — 1 <
a < +d, the integers a and b are uniquely determined by d. Let d = a® + b be a square-free
positive integer congruent to 1 modulo 4; then we consider the following two cases in which a is
even or odd respectively:

Case 1. Ifaiseven,thenb =4m+ 1 withm €Z m = 0.
Case 2. Ifaisodd, then b = 4dm withm € Z,m > 1.
Tomita [6] has defined set D{ by

Df ={d € Z* | d = s mod(8), b =t mod(8)},
where Z7 is the set of all positive integers.

Remark 1. The integer d can be congruent to 1 or 5 modulo 8 when d is congruent to 1 modulo 4.
In the case of d = a? + b = 1 mod(8), b can be congruent to 0, 1 or 5 modulo 8. Therefore, the
set of all positive square-free integers congruent to 1 modulo 8 is equal to D§ U D{ U D2.
In the case of d = a? + b = 5 mod(8), b can be congruent to 1, 4 or 5 modulo 8. Therefore, the
set of all positive square-free integers congruent to 5 modulo 8 is equal to DY U D3 U D2.

Remark 2. Let d = a? + b be a square-free positive integer congruent to 1 modulo 4.
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If a is even, then b = 1 mod(4). Hence b can only be congruent to 1 or 5 modulo 8. Therefore, d
belongs to Dy U D2 U D3 U D} in the case in which a is even.

If a is odd, then b = 0 mod(4). Hence b can only be congruent to 0 or 4 modulo 8. Therefore, d
belongs to D¢ U DJ in the case in which a is odd.

Remark 3. The sets D}, Di, D, D7, D} and D2 are represented as:
Di={deD|d=a*+8m, a=1mod(2), 0<4m <a},
Di={deD|d=a*+8m+1, a=0mod(4), 0 <4m < a},
Di={deD|d=a*>+8m+5, a=2mod(4), 0<4m<a-2},
D} ={deD|d=a*+8m+1, a=2mod(4), 0<4m<a},

D} ={deD|d=a’*+8m+4, a=1mod(2), 0<4m<a-2},
D2={deD|d=a*>+8m+5, a=0mod(4), 0<4m<a-2}.

Let I(d) be the set of all quadratic irrational numbers in Q(v/d). For an element & of I(d), if
&§>1and —1 < &' <0, then € is called reduced; &' is the conjugate of & with respect to Q. The set
of all reduced quadratic irrational numbers in I(d) is denoted by R(d). It is well known that if an
element & of I(d) is in R(d), then the continued fractional expansion of ¢ is purely periodic.
Moreover, the denominator of its modular automorphism is equal to fundamental unit &5 of Q(/d).

In order to prove our theorems, we need the following lemmas. We will write k instead of
k, for convenience.

Lemma 1 [5]. For a square-free positive integer d > 5 congruent to 1 modulo 4, we put w,; =
1+Vd

2 )
period k of wg, we get wr=[2q0—1, q1,.,qx-1] and @4 = [qo, q1, -, qx—1,2q90 — 1] -

qo = [wql, wg =qo—1+ wy. Then wy € R(d), but wg € R(d) holds. Moreover, for the

Furthermore, let wy = % =1[2q0— 1,91, -, Qk—1, Wg] be a modular automorphism of wg;
kYR k
then the fundamental unit &4 of Q(v/d) is given by the following formula:
Tq+UgVd
£, = (%) > 1,

Ty = (2q0 — 1)Qk + 2Qx—1 and Uy = Qy
where Q; is determined by @y =0, Q; =1, Q;41 = q;Q; + Q;—1, (i = 1).

Lemma 2 [11]. For a square-free positive integer d, we putd =a?+b (0 < b < 2a),a,b € Z.

Moreover, let w; = ¥; + % (%; = [w;], i = 0) be the continued fraction expansion of w = w,
i+1

in R(d). Then each w; is expressed in the form w; = (a —1; + ﬁ)/ci ,(c;, 1 €Z), and ¥}, c;, 1y
can be obtained from the following recurrence formula:

wo = (a—71y+Vd)/cq,

2a — = Cl”gi + Tit1 >

Ciyr = Cimg + (g1 —1)?; (= 0), where0 <141 <,

c_y = (b+ 2ary +15%)/cy -
Moreover, for the period k > 1 of w,, we get

€i=€k—i (ISlSk—l),

T =Tkeivy G =Ci (LSi<k).



104
Maejo Int. J. Sci. Technol. 2018, 12(02), 101-111

1+V/d
2
qo = [wgl, wg =q9—1+ wy. If we put w = wg in Lemma 2, then we have the following

recurrence formula:

Lemma 3 [5]. For a square-free positive integer d congruent to 1 modulo 4, we put w; =

)

T0=T1=a—€0=a—2q0+1,
Co=2 ¢ =c_1=(b+2ary+1,2)/co,
€O=2q0—1) €i=qi (ISlSk—l)

Lemma 4 [9]. Letd = a® + b = 1 mod(4) be a square-free integer for positive integers a and b
1+

satisfying 0 < b < 2a. Let the period k; of the integral basis element of wy = 7\/& in Q(vd) be 8.
If a is odd, then

@a =T et R TR TS ) + B2

;€3) fZ; gl; a ]

where £; > 1 (i = 1, 2,3,4). Then the coefficients T; and U, of &4, where

Td = (Ar + Slfl)(C2€4 + ZAC) + 2(C(B’€4 + ’gz) + B), Ud = C(C‘€4_ + ZA)
and
d = (AT + Slfl)z + 4T€2 + 451 y

hold. A, B, C are determined by A = 1€, + 1, B = £,¢3 + 1 and C = £; + Af;. Moreover, r and s
are uniquely determined with the equalities a = Ar + s;¥; and

B(B‘€4_ + 2’82) = Sl[C(l + €3‘€4) +A‘€3] —7”(A + C‘€4_)

Lemma 5 [9]. Letd = a? + b = 1 mod(4) be a square-free integer for positive integers a and b
1+

satisfying 0 < b < 2a. Let the period k, of the integral basis element of wy = 7\/& in Q(vd) be 8.

If a is even, then

a BC + 4D — 27,
wg = E,fl,fz,’eg, ,E 7 CD
3° —

,‘€3,‘€2,’€1,a_1 ) ’€l21(i:2,3)

and then the coefficients T; and U, of &4, where
T, =[(Ar+1)+ B —2)C+2(C —¢3)](Ct, + 2A) + 2C¢,,
U; =C(Ct, +24)
and
d=[Ar+1)+B—-1*+2[Ar+1)+B—-25s—-2] -1,
hold A=4,+1,B=2s—r,C=14+A¢;, D=Bf;—r—1, E=¥%3+1, and r and s are
uniquely determined with the equalitions a = A(r + 1) + B — 1 and

MAIN RESULTS

Theorem 1. Letd = a? + b = 1 mod(4) be a square-free integer for positive integers a and b
satisfying 0 < b < 2a. Let the period of the continued fraction expansion of the integral basis
element of wy = # in Q(v/d) be denoted by k. For every kg > 1,

1) Ifaisodd, then?; # 1,ie. ;1 =2
i) If a is even, then #; = 1.



105
Maejo Int. J. Sci. Technol. 2018, 12(02), 101-111

Proof. Ifd = a? + b = 1 mod(4),thend € D} UD; UD} UD? UD2 UD:.

i) Let a be odd. Then q, = [w,] = [[1+2\/E]] = %1 and the continued fraction expansion of the

integral basis element of w4 in Q(d) is
a+1

wa = [, 00,80 5y By By By |, £ 2 1 (1= 1,23,.).
From Lemma 3 it is obtained that
ro=rr=a—2q,+1=0,
Co =2,
¢, =c_q = (b+2ary+1y%)/co =b/2,
Yo =2q,—1=a

Since a is odd, d belongs to D U D3.
We first assume that d €D} ={d €D : d=a’+8m,a=1mod(2),0<4m<a}.
Then b = 8m andsoc_; = ¢; =4m. Fori = 1in Lemma 2, it is obtained that
r, = 2a — 4mé;.
Using 0 < 1, < ¢y, it can be written that a < 2m(1 + #;). On the other hand, we have 0 < 4m < a
from the assumption. Hence the following inequality is clear:
0<4dm<a<2m(1l++4,).

If we write £1 = 1 in the last inequality, then we get a contradiction. Thus, [; # 1 is obtained.
Now we assume that d€ED; ={d€D:d=a*+8m+4, a=1mod(2), 0<4m <
a—2}. Thenb =8m+4andsoc_; =c¢; =4m+ 2. Fori = 1 in Lemma 2, it is obtained that
r, =2a— (4m+ 2)¥¢; .
Using 0 < 1, < ¢4, it can be written that
a—2<?2m+?2mb,++£,—1
On the other hand, we have 0 < 4m < a — 2 from the assumption. Hence the following inequality

is clear:
2m < 2mé, + 4, — 1.
If we write £; = 1 in the last inequality, then we get a contradiction. Thus, £; # 1 is obtained.

Therefore, the first part of proof is completed.
1+Vd

2

ii) Let a be even. Then q, = [wy] = [[ H = % and the continued fraction expansion of the

integral basis element of w4 in Q(vd) is

Wg = [%' €1)€2)€3) ----)’€3r'€2r'€11a -1 ] ’ fl‘ = 1 (l = 1'2'3' )

From Lemma 3 it is obtained that
Tp=r=a—2qp+1=1,
Co =2,
i =c_1=(b+2ary+1y%)/co=(b+2a+1)/2,
o=2qp—1=a—-1.

Since a is even, d belongs to Di U D} U D2 U D2,
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We assume thatd € DI UD?; thenb=8m+1(m=0)and soc_; =¢; =4m+a+ 1.
Fori = 1 in Lemma 2, it is obtained that a(2 — ¢;) = 4m¥, + £, + r, + 1, which implies that 2 >
£,.Since 2 > £, and ¥; > 1, we get ¥ = 1.

We assume thatd € D2 UD3; thenb=8m+5(m >0)and soc_; =c; =4m+a+ 3.
For i =1 in Lemma 2, it is obtained that a(2 —¥¢;) = 4m¥; + 3¢; + 1, + 1, which implies
that 2 > ;. Similarly, we get £; = 1. Therefore, the proof of Theorem 1 is completed.

Theorem 2. Suppose that d = a® + b = 1 mod(4) is a square-free integer for positive integers a

1+V/d .
in

and b satisfying 0 < b < 2a. Let the period k,; of the integral basis element of wy =

Q(v/d) be 8. In the case that a is odd,
ng =0if andonlyif U; > a .

Proof. Note thatn,; = [[%H = 0 if and only if U;* — T; > 0. Now let ng = 0. Using coefficients
d

T,; and U; in Lemma 4, the following can be written:
U2 =T, =Uy(U;—a) —2[BCE, + C£, + B] > 0.

Thus, U; — a must be a positive integer. Therefore, we get U; > a.
Conversely, suppose that U; > a. We know that £; # 1 from Theorem 1 in the case that a is
odd. We define U; —a = K. Since U; > a, we get U; —a = K > 0. It follows that

U2 =Ty =Uy(Uz—a) —2[BCE, + C£, + B] = C£,[KC — 2B] + 2[KAC — C¢, — B].
Now we will show that KC — 2B > 0 and KAC —C¥, —B > 0. If we put A=¥¢¢,+1,B =
£,03+1and C = ¢, + Af5 , then we get

KC — 2B = K({’l + ‘33 + ’81‘32’83) - 2€2‘€3 -2
Since K > 0 and #; # 1, it is obtained that K#; — 2 > 0, and so KC — 2B > 0. On the other hand,
the following can be written:
KAC — C’gz — B = KC({’lfz + 1) - C‘gz _‘32’83 -1
= sz(Kfl - 1) + (K’gl - 1) + ‘Ez’eg(K’el - 1) +K’€3.

Since K > 0 and #; # 1, then it is obtained that K£; — 1 > 0. Therefore, U;* — T; > 0 holds and
this finishes the proof.

Theorem 3. Suppose that d = a® + b = 1 mod(4) is a square-free integer for positive integers a

1+V/d .
in

and b satisfying 0 < b < 2a. Let the period k; of the integral basis element of wy =
Q(+/d) be 8. In the case that a is even,

i) Ifng=0,thenUy; > a;

i) If Uy > aand ¥3¢, = ¥,, then ng = 0.
Proof. i) Let ny =0, that is Uy®> — T, > 0. Using coefficients T; and U; in Lemma 5, the
following can be written:

U2 =Ty =Uy*—alUy — Uy + 2£5(C, + 2A) — 2C¢, > 0.
Define L = —Uy + 2¢5(C4, + 2A) — 2C¥,. Then
L=(2¢;—-C)(Cl,+24) —2C%¢,
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holds. Since ¥, > 1, we get A=+¢,+1=>2. Therefore,2 —24A < —2 and so L < 0. Hence
Uy — a > 0 holds since Uy*> — Ty = Uy(Uy —a) + L > 0 and L < 0. This implies U; > a.

i1) Now suppose that U; > a and ¢3¢, = ¥,. Since U; > a , we can write U; —a — 1 = 0. Define
K =43(Ct,+24) —Ct, = C(£38, — £,) + 2A%s.
Since £34, = £,, we get K > 0. Consequently, we obtain Uy*> — Ty = Uz(Uy —a—1) + 2K > 0,
ie.ng =0. [
The following theorem is a generalisation of Theorem 2 and Theorem 3.

Theorem 4. Letd = a? + b = 1 mod(4) be a square-free integer for positive integers a and b

satisfying 0 < b < 2a. Let the period of the integral basis element of w,; = # in Q(vd) be

denoted by k,. Forevery kg = 1,

ng =0ifandonlyifU; > a.
Proof. We examine two cases:
Case l. ais odd:

Suppose that ny = 0, that is Ug* — T; > 0. We write simply k instead of k4. Since a is odd,

we get qo = [wy] = [[1+2\/E]] = %1 and T; = aQy + 2Qy_1, Uy = Qi from Lemma 1. Thus, it can
be written that

Ug® = Tq = Qi® — aQx — 2Qu—1 = Qi(Qx — @) — 2Qy—1 > 0.
This implies that U; = Q, > a.
Conversely, let U; > a. By taking equation Q;;; = q;Q; + Q;—1, (i = 1) in Lemma 1, for
i = k — 1 the following can be written:

Qr = qx-1Qk-1 + Qg—2-
From equation ¢; =q; (1<i<k-—1)inLemma3,fori=k—1,
Cr-1 = Qr-1-
In Lemma 2 by writing i = k — 1 in equation ¢; = €;_; (1 <i < k — 1), we obtain
Cr-1 = V41 = 1.

From Theorem 1 we know that £; = 2 when a is odd. Thus,

Qr = qr-1Qk—1 + Qx—2 = €1Qk—1 + Q-2 = 2Qp—1 + Qp—2 ,
and so Qy > 2Q_1 holds. Since we assume that Q;, = U; > a,

Qu(Qu = @) = Qi > 2Qu—1 and Ug” = Ty = Q" — aQ — 2Qy—1 > 0

hold. Consequently, n; = 0 is obtained.

Case Il. ais even:

1+2\/E]] = % and Ty = (a—1)Qk + 2Qk—1 , while

Uj =Qp from Lemma 1 and #; =1 from Theorem 1. By taking equation Q;;; = q;Q; +
Qi—1, (i = 1) in Lemma 1, we obtain

Qr = qr-1Qxk-1 + Qk—2 = €1Qx—1 + Q-2 = Q-1 + Qg fori =k — 1.
Then the following can be written:

Ug> =Ty = Q> — (a—1DQk — 2Qk—1 = Qx(Qx — @) + Q) — 2Q—4
= Qr(Qx — @) + Qg2 — Qk-1.

Since a is even, we get q, = [wy] = [[
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On the other hand, fori = k — 2 in Lemma 1,

Qr-1 = q-2Qk—2 + Q-3 = £2Qk—2 + Qk—3
holds. Thus, we get Q) > Qr_1 > Qr_2,500 > Q2 — Qx_1.
Now suppose that ng =0, that is Uz*> — Ty = Qr(Qx — @) + Qx_p — Qi—1 > 0. This
implies that Q;, = U; > a since 0 > Qy_5 — Qp_1.
Conversely, let U; > a. We will investigate U; > a + 1 and U; = a + 1 separately. In the
case of Qp = Uy > a + 1, we can write Q, — a + 1 > 2. Thus,
(Qk —a+1)Qk > 2Qk > 2Qk—
or
Qx® — (@ —=1)Qx — 2Qk-1 >0
holds. Hence it is obtained that
Ug® = Tg = Q(Qx — @) — Qxeq + Qu—2 > 0, ie.ng = 0.

In the case of Q, = U; = a + 1, we have
Ug? =Ty = Q” — (a— 1Qk — 2Q—1 = 2a + 2 — 2Q4_1 .
Since Qy = Qp_1 + Q2 ,weget a+1=0Q;, > Qr_1 and
U2 =Ty =2a+2—2Qk_1>2Q4_1 —2Qi_1 =0.

Consequently, this implies that n; = 0. Therefore, the proof is completed.

SOME NUMERICAL RESULTS ON THE CLASS NUMBER

In this section we give some numerical results on the class number h; of the real quadratic

field Q(vVd). Let d = a®> + b = 1 mod(4) be a square-free integer for positive integers a and b
satisfying 0 < b < 2a.

Corollary 1. For any d satisfying 3533 < d < 107, we may confirm that Uy < a (ng # 0)
implies hy > 1 using computer algebra systems such as Mathematica. For d < 3533, there exist
exactly 38 real quadratic fields Q(v/d) satisfying U; < a (ng # 0) and hy = 1. All such d’s are
listed in Table 1.

Real quadratic fields satisfying n; # 0 and hy; = 1 have been previously attained in the
literature. However, we have obtained the same fields according to U; < a criteria without
calculating n;. When we tabulated d values satistying U; < a and hy; = 1 with periods k; and
coefficients of fundamental units, we have observed the following interesting results:

Corollary 2. IfU; < a (ng # 0) and h; = 1, then the period of the continued fraction expansion
of w, is less than or equal to 7.

Corollary 3. Letd = 1mod(4) be a square-free integer. Let k4 be the period of the continued
fraction expansion of w,. By using computer algebra systems, for 1 < d < 10°, it can be seen that

i) If d is a prime integer, then k, is odd;

ii) If d is a prime integer, then h, is odd;

i11) If h, is odd and k; is odd, then d is a prime integer.

Corollary 4. If k,; is odd and the d = 1 mod(4) square-free integer is not prime, then h, is even,
1.€. hd * 1.
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Table 1. Alld’swithU; <aand h; =1

d C:Ztliufff ‘i%o;lzof ky | a | U, T, ng hy

* 5 [1,1] 1 2 1 1 1 1
* 13 [2,3] 1] 3 1 3 3 1
* 17 [2,1,1,3] 3| 4 2 8 2 1
21 [2,1,3] 2| 4 1 5 5 1

* 29 [3,5] 1 5 1 5 5 1
* 37 [3,1,1,5] 3| 6 2 12 3 1
* 53 [4,7] 1] 7 1 7 7 1
* 61 [4,2,2,7] 3| 7 5 39 1 1
69 [411,17] 41 8 3 25 2 1

77 [4,1,7] 2| 8 1 9 9 1

93 [5,3,9] 2] 9 3 29 3 1

* 101 [5,1,1,9] 3] 10 2 20 5 1
* 149 [6,1,1,1,1,11] 51 12 5 61 2 1
* 173 [7,13] 1] 13 1 13 13 1
* 197 [7,1,1,13] 3| 14 2 28 7 1
213 [7,1,3,1,13] 41 14 5 73 2 1

237 [8,5,15] 2| 15 5 77 3 1

* 269 [8,1,2,2,1,15] 5/ 16| 10 164 1 1
* 293 [9,17] 1] 17 1 17 17 1
* 317 [9,2,2,17 ] 3017 5 89 3 1
341 [9,1,2,1,2,1,17 ] 6| 18| 15| 277 1 1

413 [10,1,1,1,19 ] 41 20 3 61 6 1

437 [10,1,19 ] 2| 20 1 21 21 1

453 [11,7,21] 2| 21 71 149 3 1

* 461 [11,4,4,21] 31 21 17 365 1 1
* 557 [12,3,3,23] 31 23| 10| 236 2 1
* 677 [13,1,1,25 ] 3| 26 2 52 13 1
717 [13,1,7,1,25] 41 26 9| 241 2 1

* 773 [14,2,2,27 3| 27 5 139 5 1
* 797 [14,1,1,1,1,1,1,27 | 71 28| 13| 367 2 1
* 1013 [16,2,2,2,2,31] 50 31| 29| 923 1 1
1077 [16,1,9,1,31] 41 32| 11 361 2 1

109
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Table 1. (Continued)

p Continued fraction of k U T B

wg = (1+Vd)/2 al*] “ i ‘

1133 [17,3,33] 2| 33 3 101 11 1
1253 [18,5,35 ] 2| 35 5 177 7 1
1757 [21,2,5,2,41] 4| 41 24| 1006 1 1

* 1877 [22,6,6,43 ] 3| 43 37| 1603 1 1
* 2477 [25,2,1,1,2,49 ] 5| 49 13 647 3 1
3533 [30,2,1,1,4,59] 5| 59| 41| 2437 1 1

Note:

k4 = period length of w, ;

gq = (Ty + UgVd)/2 > 1 : fundamental unit of Q(vd) ;
ng = [[Td/Udz]] 5

h, = class number of Q(v/d) ;

* denotes prime.

CONCLUSIONS

In this paper we have studied ng4, Yokoi’s d-invariant value, in terms of continued fractions

where d = a? + b =1 (mod 4) is a square-free integer and have provided a necessary and
sufficient condition for n, to be zero for every k; = 1 period. Furthermore, according to the case of
a being odd or even, we have also investigated the first term of the symmetric part of the continued

fraction expansion of the integral basis element w; = (1 4+ v/d)/2. These findings could establish
more effective bounds on the fundamental unit and class number and contribute to the solvability of
some Diophantine equations.
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