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Abstract: In this paper we introduce certain new subclasses of multivalent spiral-like 
functions by means of the concept of k-uniformly star-likness and k -uniformly convexity. 
We prove the inclusion relations, sufficient condition and Fekete-Szeg̈ inequality for these 
classes of functions. The behaviour of these classes under a certain integral operator is also 
discussed. 
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INTRODUCTION 
 

Let ()ܣ denote a class of functions of the form 
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which are analytic and  -valent in the open unit disk }1:{  zzE . The subclass of ()ܣ, 
consisting of all analytic functions and having a positive real part in E , is denoted by ܲ . An 
analytic description of ܲ is given by  
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A function ݂ܣ  is said to be the  spiral-like function  2 ,real    of order 

)10,( ߩ    if and only if 
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We denote the class of all  spiral-like functions of order   by  
S  [1, 2]. 

Furthermore, a function ݂ܣ is called  spiral-like convex function (  is real, )2
   if 
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We denote the subclass of ܣ, consisting of all   spiral-like convex functions, by )(C   and it has 
been shown [3] that    S)(C . 

Kanas and Wisniowska [4, 5] studied the class of k uniformly convex functions and the 
corresponding class of k uniformly star-like functions related by the Alexander type relation. For 

,0k  the conic domain k  is defined as [6] 
 

Ω = ቄݑ + :ݒ݅ ݑ > ݇ඥ(ݑ − 1)ଶ +  .ଶቅݒ
 
For a fixed ,k  k  denotes the conic region that is bounded sequentially by an imaginary axis
 ,0k  the right branch of hyperbola  10  k , a parabola )1( k  and an ellipse  1k  [7, 8]. 

Noor et al. [7] define the domain ,k  as 
 

                                             Ω,ఘ = (1 − Ω,ఘ(ߩ + 0)     ߩ ≤ ߩ < 1).   
 
The functions that play the role of extremal functions for these conic regions are specified as 
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A function h  such that 1)0( h  is known to belong to the class ܲ )( , kh  if it is subordinate to 

)(, zhk   with Ez , that is )(Eh )(, Ekh  ., k  
It is not difficult to prove that ܲ )( , kh  is a convex set. It is known [6] that  
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The objective of this paper is to obtain some results for the new classes using the concept of 

conic domain. We obtained some new results including inclusion results, sufficient condition, 
Fekete-Szeg̈  inequality and integral preservation properties for these subclasses of multivalent 
functions. In this sense we give some definitions and notations we need as follows.   
Definition 1.  Let ݂()ܣ; then ),,(S pkf   for   real and ,2

   ,0k  ,10    if and 
only if  
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We have the following special cases: 
(i) ),(S)0,(S kpk p

   [9]; 
(ii) ),(S)0,1(S kk    [10]; 
(iii) ),,1(S0   the class of   spiral-like functions [11]; 
(iv)    S)0,1(S0  [11,12]; 
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(v) )(SS1)0,1(S1 2
1   [4,5]. 

 
Definition 2.  Let ݂()ܣ. Then ),,(C pkf   for   real, 2

   and ,0k  10    if and 
only if  
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Analogous to the well-known Alexander equivalence [13], we have   
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Special cases: 
(i) ),(C)0,(C kpk p  [9]; 
(ii) ),(C)0,1(C kk   [10]; 
(iii)   C),1(C0   [14]; 
(iv)    C0,1C0   [11, 12]. 
 
Definition 3.  Let ݂()ܣ with 0)()( 
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Then ),,,(M pkf   only if 
     E zpzfLkzfL   cos)(,,,)(,,,Re  . 

 
We have the following as special cases: 
(i)   ,SC)0,,,1(M0   [15]; 
(ii) )(S),,0,1(M0   p  [11]; 
(iii) )(C)0,,1,1(M0    [12]; 
(iv) )0,0,,1(M0   [16]; 
(v)   

S)0,,,1(M0   [17]; 
(vi) For ,0  )0,0,,1(M0  , the class of  -star-like functions (of order zero), which has been 
       thoroughly investigated [18, 19, 20].  
 
PRELIMINARY RESULTS 
 
Lemma 1 [21].  Let w  be the Schwarz function given by   

 E zzczczw          ...)( 2
21 ; 

then for every complex number ,   
  .11 2

1
2
12 ccc    

 
Lemma 2 [22].  Let ),0[ k  be a fixed number and let kh  be the function that belongs to the class 
 .khP  If 

       E zzkPzkPzhk           ...1 2
21 , 

then  
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,arccos2 kA   and Ķ )(t  is the complete elliptic integral of the first kind [23]. 

 
Lemma 3 [24].  Let w  be analytic in E  with 0)0( w . If there exists E0z  such that  

Max ,00
zwzwzz   then )()( 000 zmwzwz   for some .1m   

 
Lemma 4 [1].  An analytic function f  is   spiral-like of order   ( 2,10    ) if and 

only if there exists an analytic function )(zw  satisfying 0)0( w  and 1)( zw  such that  
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MAIN RESULTS 
 
Theorem 1.  Let the function 0,kh  be defined by (2) and  k0  be a fixed number. If the 
function f is a member of the function class ),,,,(M pk   then for ,    
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and  ,1 kP   kP2  and  kD  are given by (6), (8) and (8) respectively. 
 
Proof.  Let );,,,(M pkf   then there exists a Schwarz function w  in E  such that 

))(()( zwhzw k . A simple computation gives  
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Taking modulus on both sides we have  
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Suppose that  ;1 k   then using the estimate 12

12 cc  from Lemma 1 and the known estimate 
11 c  of the Schwarz Lemma, we have 
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where  p  and   are given in (10) and (11) .  This is the first inequality of (9). 

Now if  k2  ; then from (12) we have   
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Applying the estimates 2

12 1 cc   of Lemma 1 and ,11 c  we have 
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This is the last expression of (9).  

If    kk 12   , then 
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Thus, we have the middle inequality of (9).   
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Theorem 2.  Let ,0  ;2
   then  

).,(S0)0,,,(M  ppk   
 
Proof.  Let )0,,,(M pkf   and let 
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After some simplification we have  
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where jl,  and u  are given by (17), (18) and (19) respectively. From (16) and (20) we have 
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This contradicts the fact that ).0,,,(M pkf   Thus, 1)( zw  in .E  This implies that 
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If we set ,1p  ,0  0k  and ,0  we have the following result [15: Theorem 1]. 
 
Corollary 1.  If ),,(S Cf  then f is  spiral-like. 
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If we set ,1p  ,0  0k  and ,0  we have the following known result [15: Theorem 
2]. 
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Corollary 3.  ),(SC f  if and only if there exists a  spiral-like function g such that  
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CONCLUSIONS 
 

In this paper we have used the concept of spiral-like functions and generalised conic domain 
to introduce some new classes of analytic multivalent functions in an open unit disk. The main 
results are inclusion relations, integral preserving property, Fekete-Szego inequality, sufficient 
condition, integral representation theorem and some other results. We have also deduced some 
known results from our main results.        
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