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Keywords: semiprime ring, involution, generalised (a,f) -derivation, (a, ) -higher
derivation, generalised («, £)-higher derivation

INTRODUCTION

Throughout this article, unless otherwise mentioned, R will denote an associative ring. A
ring endowed with involution * is called a ring with involution, or a *-ring. For basic definitions
and notations, we refer the reader to Herstein [1, 2]. An additive subgroup U of R is said to be a Lie
ideal of R if [u,r] € U for allu € U and r € R. U is also called *-closed and square closed if
U*=U and u? € U for all u € U. An additive mapping, d:R - R, is called a derivation
(correspondingly, Jordan derivation) if d(xy) = d(x)y + xd(y) (correspondingly, d(x?) =
d(x)x + xd(x)) holds for all x,y € R. Following Bresar [3], an additive mapping F : R = R is
said to be a generalised derivation (correspondingly, generalised Jordan derivation) on R if there
exists a derivation d:R — R such that F(xy) = F(x)y + xd(y) (correspondingly, F(x?) =
F(x)x + xd(x)) holds for all x,y € R.

For given endomorphisms a and £, an additive mapping d: R = R is said to be an (a, f)-
derivation (correspondingly, Jordan (a, p)-derivation) if d(xy) =d(x)a(y)+ B(x)d(y)
(correspondingly, d(x?) = d(x)a(x) + f(x)d(x)) holds for all x,y € R. According to Ashraf et
al. [4], an additive mapping F : R — R is called a generalised (a, f)-derivation (correspondingly,
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generalised Jordan (a, f)-derivation) on R if there exists an (a, f)-derivation, d: R = R such that
F(xy) = F(x)a(y) + B(x)d(y) (correspondingly, F(x?) = F(x)a(x) + B(x)d(x)) holds for all
x,y € R. It is obvious to see that every generalised (o, f)-derivation on a ring is a generalised
Jordan (a, f)-derivation, but the converse need not be true in general [5 (Example 3.1)]. A number
of authors have studied this problem in the setting of prime and semiprime rings. Recently, Ali and
Haetinger [5] proved that every generalised Jordan (a, f)-derivation on a 2-torsion free semiprime
ring is a generalised (a, f)-derivation.

The concept of derivations was extended to higher derivations by Hasse and Schmidt [6].
Let D = {d,}neny be a family of additive mappings on R. D is said to be a higher derivation
(correspondingly, Jordan higher derivation) on R if d, = Iz(where Iy is the identity map on R) and
dn(xy) = X4 j=n di(x)d; () (correspondingly, dp,(x?) = ¥;1j=pnd;(x)d;(x)) for all x,y € R and
for each n € N. It is easy to see that the first member of each higher derivation is itself a derivation.
More related results can be found in Haetinger [7]. Later on, Cortes and Haetinger [8] defined
generalised higher derivations: a family F = (f;);en of additive mappings of a ring R, such that
fo = I is said to be a generalised higher derivation (correspondingly, generalised Jordan higher
derivation) of R if there exists a higher derivation (correspondingly, Jordan higher derivation) D =
(dulnen and for each n€ N, fo(xy) = Bisjen fi)d;(y) (correspondingly,  f,(x?) =
Yi+j=nfi(x)d;(x)) holds for all x,y € R. Obviously, every generalised higher derivation is a
generalised Jordan higher derivation, but the converse need not be true. The converse has already
been proved by Cortes and Haetinger [8] for square closed Lie ideals of a prime ring R. Later, Wei
and Xao [9] established this result for a 2-torsion free semiprime ring. In 2010, Ashraf et al. [10]
introduced the concept of (a, f)-higher derivations as follows: a family D of additive mappings
d, on R is said to be an (@, f)-higher derivation (correspondingly, Jordan (@, f)-higher

derivation) of R if dy = I and d,(xy) = X4 jon d; (,B”‘i(x)) d; (a”‘j(y))(correspondingly,

dn(x?) = Yiyjend; (,B”‘i(x)) d; (a”‘j(x))) for all x,y € R and for each n € N. For given

endomorphisms a and £, a family F = (f;);ey of additive mappings f,: R = R is said to be a
generalised (a, B)-higher derivation (correspondingly, generalised Jordan (a, §)-higher derivation)
of R if there exists an (a, ) -higher derivation D = {d,},ey and for each n€ N, f,(xy) =
Siajon fi (B77100)) d; (@™ () (correspondingly, f,(x?) = Zivjon fi (67700 d; (a7 (D))
holds for all x,y € R. It is straightforward to check that any generalised (a, 8)-higher derivation is
a generalised Jordan (a, §)-higher derivation. However, the converse statement need not be true.
Ashraf and Khan [11] proved that every generalised Jordan (a, 8)-higher derivation is a generalised
(a, B)-higher derivation on Lie ideals of a prime ring R. We study these problems in the setting of
semiprime rings with involution (Theorem 1).

Let R be a *-ring. An additive mapping, d:R — R, is said to be a * -derivation
(correspondingly, Jordan = -derivation) if d(xy) = d(x)y* + xd(y) (correspondingly, d(x?) =
d(x)x* + xd(x)) for all x,y € R. These mappings appear naturally in the theory of representability
of quadratic forms by bilinear forms. Following Ali [12], F:R — R is called a generalised *-
derivation (correspondingly, generalised Jordan = -derivation) if there exists a * -derivation
(correspondingly, Jordan = -derivation) d: R —> R such that F(xy)=F(x)y*+ xd(y)
(correspondingly, F(x?) = F(x)x* + xd(x)) holds for all x,y € R. Several authors characterised
the additive mappings satisfying *-differential identities in the setting of prime and semiprime rings.
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In 1976 Herstein [2] proved the following result: let R be a simple ring with char(R) # 2 such that
dimz R> 4. Letd: R — R be such that d(xx*) = d(x)x* + xd(x*) for all x € R. Then d is a
derivation of R. Later Daif and El-Sayiad [13] obtained the following result: let R be a 2-torsion
free semiprime *-ring and F: R — R be an additive mapping associated with a derivation d: R = R
such that F(xx*) = F(x)x* + xd(x*) holds for all x € R. Then F is a generalised Jordan
derivation. In the same manner, Ashraf et al. [14] established Daif and El-Sayiad’s result in a more
general form and proved the following: let R be a 2-torsion free semiprime *-ring. Suppose that a
and [ are endomorphisms of R such that a is an automorphism of R. If there exists an additive
mapping F: R — R associated with an (a, 8)-derivation d of R such that F (xx*) = F(x)a(x*) +
B(x)d(x*) holds for all x € R, then F(xy) = F(x)a(y) + B(x)d(y) for all x,y € R. Besides
proving the above-mentioned result, they proved another interesting result as follows: let R be a 2-
torsion free semiprime *-ring. Suppose that @ and f are endomorphisms of R such that @ is an
automorphism of R. If there exists an additive mapping F:R — R associated with an («,f)-
derivation d of R such that F(xy*x) = F(x)a(y*x) + B(x)d(y*)a(x) + B(xy*)d(x) holds for all
X,y € R, then F is a generalised (a,  )-derivation. Recently, Ezzat [15] studied these results on
generalised higher derivations. In this paper apart from proving some other results, we study the
above-mentioned theorem in the setting of generalised (a, 8)-higher derivations on a semiprime
ring with involution.

GENERALISED (a, 8)-HIGHER DERIVATIONS ON SEMIPRIME RINGS

We begin our discussion with the following key lemmas which will be extensively useful
in proving the main results.

Lemma 1 [14 (Lemma 2.3)]. Let R be a 2-torsion free semiprime ring with involution. Suppose
that « is an automorphism of R. If there exists an element a € R such that aa(x*) = aa(x) holds
forall x € R, thena € Z(R).

It is easy to prove the next lemma by using the same techniques used in Lemma 1

Lemma 2. Let R be a prime ring with involution with char(R) # 2 and let U be a noncentral x-
closed Lie ideal of R such that u? € U for allu € U. Suppose that a is an automorphism of R. If
there exists an element a € U such that aa(u*) = aa(u) holds for allu € U, then a € Z(R).

The first main result of the present paper is the following theorem.

Theorem 1. Let R be a 2-torsion free semirprime ring with involution. Suppose there exists a
family of additive mappings F = {f;};ex of R associated with some (a, §)-higher derivation D =
{dy}ney of R, where a and B are commuting automorphisms on R such that f,(xx*) =

Zi+j=nﬁ(ﬁ”‘i(x)) d; (a”‘j(x*)) holds for all x € R and for each n € N. Then F is a

generalised (a, #)-higher derivation.

Proof. By assumption, we have

fuGex™) = Bijen £ (B71@)) & (@77 () (1)

for all x € R. Linearisation of the above expression yields
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faley® +yx") = Ty fi (877100 dy (@7 ) 2)
+ S jonfi (B0 )y (@ ()
for all x,y € R. Taking y = x*, we find
M (x) +n,(x") =0 (€)

for all x € R, where 1,,(x) stands for X, - f; (,B”‘i(x)) d; (a”‘j(x)). Our aim is to show that

Nn(x) = 0 for all x € R. To show n,(x) = 0, we proceed by induction. If n = 0, then it is easy to
obtain ny(x) = 0 for all x € R. If n = 1, then the result follows [5, (Theorem 3.1)]. Now suppose

Nm(x) =0 forx € R and for allm < n. We set A = f,,(x(xy* + yx*) + (xy* + yx*)x*). In view
of (1), we have

A=) f(Fi0)d (@i Gy +ye) + fi(B7 Gy + ) dy (@ ()

i+j=n
- > ﬁ-(ﬁ”“’(x))( > dy (B 0) dg (1 )
i+j=n p+q=j
+ Z 31 P~ ](y) (af‘qa”‘f(x*))>
p+q=j
+ Z (Z fs ﬁl Sﬁn ‘(x))dt( i— tﬁn—i(y*))
i+j=n \s+t=i
+ Z £ (BB ) de (@'t ))) (an i ().

Hence we get

A = Z £ (B (x) Z d, (B1PaI () d, (@~ a7 (y)

i+j=n p+q=j

F D RET@) ) dy (B Pam I 3)) dg () 9a I (x))

i+j p+q=j

+ Z Z fs ﬁl Sﬁn l(x)) dt( i— tﬁ"‘i(y*))dj (an—j(x*))

i+j=ns+t=i

+ 0 L (B ) de (a1 ) o (@ ().

i+j=ns+t=i

This can be written as

A= Z fi(ﬁn_i(X)) Z dp (‘B]'—Pan—j(x)) dq (aj—q a”‘j(y*))

i+j=n p+q=j
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F D REIE) ) dy (BPaI0)) dg (- 9an T (x))

i+j p+q=j

+ 7Y AE ), (a0 ) 4y (a7 ()

i+j=ns+t=i

+ > A ) (e ) dy (@ (1),

i+j=ns+t=i

In particular,

1= Y @) 4@ e)a"or)

i+j=n
4)
+ ) AETI) 4 (8721 dg(a 1)
apan
+ Y (@) 4 (Fatt +y0) de(@ )
i+j+k=n
+ ) RE ) (@) ) dy (T (0),
i+j=ns+t=i
On the other hand, A can be written as
A= filx@y+y)x) + f(x2y" + y(x*)?)
= GG +yIx)+ Y Li(FED) d (@ 6)
i+j=n
+ Sijon fi (B0 di (@ (2)?)
= fulx(y +y)x) + fL(xDa™(y")
(5)

+ 6 (B00) dy (A1) dg (™)

i+p+q=n
i+p#n

+ D AETON D di (@4 ) i@ ).

itj=n K+l=j

Comparison of (4) and (5) yields
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AGEGHYIR) = —n, @)+ Y K (B0) d (Bl + ) d (oK)
i+j+k=n
for all x,y € R. Taking y as y — y*, we find that
M ()a™(y*) = nya™ (). (6)
In view of Lemma 1, we find n,,(x) € Z(R) for all x € R. Next, putting y as y* in (2), we obtain

fuCey + ¥°x) = Ziajen £ (B @) & (€I D)) Bisjen fi (B7710)) s (@ (x)) ()

for all x,y € R. Replacing y by xy in the above expression, we get

RO+ yet) = Y AE0)G @) + ) 6 (B d (w0 6)

i+j=n i+j=n

_ Z fi(ﬁn_i(x)) Z dp (‘B]'—Pan—]'(x))dq (aj—Qan—j(y))

i+j=n p+q=j

+ ) (o) g (i eo)

i+j=n

= > A(F®) dy(@P@)a )

i+p=n

+ ) H(B60) dy (Bd(9) dg(o1 (1))

i+p+q=n
i+p#n

FAROE @)+ ) f (B0 ) d (@ @)
i-ljj=n

for all x, ¥y € R. On the other hand, replacement of x by x?2 in (7) gives

AEY+y D= Y f(FED) g (@) + ) £ (B 00) d (I (x))

i+j=n i+j=n

= LG ) + Y f(F®) dy (8721 (0) dg (1))
i+p+q

+ O Ao (p ) ¢ (e (x)
s+t+j=n
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+ Y AE ) (@t ) ()
Ss+t=n
for all x,y € R. In view of the last two relations, we have

0 = (Wa"() + ((—fnw*x*) + ) fs(ﬁn_s(y*))dt(an_t(X*))> an(x)

- > A0, (afé%x*)) d; (a7 ()

s+t+j=n
s+t#n

—_ Z f; (,Bn_i(y*x* )dj ((Zn_j(x*))

i+j=n
i#n

for all x,y € R. Putting x = y yields

Np (D" (x) =Ny x)a(x") =0 (8)
for all x € R. From (3), we have
M (XD (X) + 1y (XD (x") = 0 )
for all x € R. Combining the last two relations gives
Na (0" (x) = 0 (10)
for all x € R. Linearisation of (10) yields
(X a(y) + u&x y)a™ () + nu(y)a"(®) + pxy)a(y) = 0 (11)

for all x, y€R, where u(x, y) = f,(xy + yx) — Zi+j=nﬁ(ﬁ”‘i(x)) d; (a”‘j(y)) +
Yivjenfi (,B”‘i(y)) d; (a”‘j(x)) for all x,y € R. Putting x = —x in (11) and combining the
obtained relation, we get

M (D™ (y) + px y)a(x) = 0

for all x, y € R. On right multiplying by n(x) and using (10) and Lemma 1, we get
M (™ (y)nn(x) =0

for all x,y € R. Since a™ is an automorphism and R is semiprime, n(x) = 0 for all x € R, 1i.e.
fo(x®) =Yivjenfi (,B”‘i(x)) d; (a”‘j(x)) for all x € R. Hence F is a generalised (a, )-higher
derivation [11, Theorem 2.1 for U = R]. This completely proves the theorem.

As special cases of the above theorem, which are of independent interest, the following
corollaries can be made.

Corollary 1 [15, Theorem 2.3]. Let R be a 2-torsion free semiprime *-ring. Suppose there exists a
family of additive mappings F = {f;};enx of R associated with some higher derivation D = {d;};en
of R such that f, = idg, and the relation f, (xx*) = X4 =, f;(x)d;(x*) holds for all x € R and

for eachn € N. Then F is a generalised higher derivation.
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Corollary 2. Let R be a 2-torsion free semiprime *-ring. Suppose there exists a family of additive
mappings D = {d;};ey of R associated with some higher derivation D = {d;};cy of R, where a and
B are commuting automorphisms on R such that d,(xx*) =

Yitjen di (,B”‘i(x)) d;(a™ 7 (x*)) holds for all x € R and for eachn € N. Then d is an (a, B)-

higher derivation.

GENERALISED (a, 8)-DERIVATIONS ON LIE IDEALS OF PRIME RINGS

In this section we deal with the study of generalised («, §)-derivations on Lie ideals of
prime rings, motivated by the work of Ashraf et al. [4, 14]. In particular, we extend some of the
proved results [14] to square closed Lie ideals of a prime ring R. We begin with the following
theorem.

Theorem 2. Let R be a prime ring with involution with char(R) # 2 and let U be a non-central x-
closed Lie ideal of R such that u> € U for allu € U. Suppose that & and 8 are endomorphisms of
R such that a is an automorphism of R. If there exists an additive mapping F: R — R associated
with a non-zero (a, B)-derivation d of U such that F (uu*) = F(w)a(u*) + B(w)d(u*) holds for all
u € U, then F is a generalised (a, §)-derivation.

Proof: We have
F(uu*) = Flwa(u*) + B(u)d(u*)
for all u € U. Linearisation of the above relation yields
Fluv* + vu*) = Fwa(*) + Fw)a(*) + pw)dw*) + p(w)d(v*) (12)
for all u,v € U. Replacing u* for v in (12), we get
Fluu+u'u*) = Fwa() + Fu)a*) + pw)d@*) + pw)d(u) (13)
for all u € U. Furthermore, this can be written as
nw) +nw) =0 (14)
for allu € U, where n(u) = F(u?) — F(w)a(u) — B(u)d(u). Now substituting 2(uv* + vu*) for
vin (12), we get
2F (u(uv* + vu*) + (uv* + vu)u*) = 2(F(wa(uv* + vu*) + F(uv* + vu*)a(u*)
+ f(uv* +vu")d(w*) + f(w)d(uv* + vu*))
forallu,v € U. Since char(R) # 2, we find that
Fu(uv* + vu*) + (uv* + vu’)u*) = Flw)a(uv* + vu*) + F(uv* + vu*)a(u*) (15
+ S (uv* +vu")d(u*) + f(w)d(uv* + vu*)
for allu,v € U. This implies that
Fu(uv* + vu*) + (uv* + vu*)u*) = F(wa(uv*) + F(wa(wu*) + Fwa(@w*)a(u*)
+ F)a?) + p)d(w ) a(u)
+ p(w)dw)aw) + puv)du")
+ p(vu)dw’) + fd@a(v”)
+BW?)d@) + pwd(w)a(u®) + B (uv)d(u’)
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for all u,v € U. On the other hand, we have
Fu(uv* + vu*) + (wv* + vu*)u*) = F(u?v* + vu?) + Fuvu* + uv*u’) (16)
= Fw®a@") + Fw)a*?)

+ BW)d(*) + p(w)d(u)a(u”)
+ B(vu*)d(w*) + Flu(v + v*)u*)

forallu,v € U. Combining (15) and (16), we obtain
Flulv+vH)u*) = —n(w)a(v*) + F(u)a((v + v*)u*) + ﬁ(u)d((v + v*)u*) (17)
for all u,v € U. Replacing v with v — v* in (17), we get
nwa@) =nWa(@") (13)

for allu,v € U. Lemma 2 implies that n(u) € Z(R) for allu € U. Furthermore, replacing v by
v*in (12), we get

Fluv +v'u*) = Flwa) + Fw)a*) + pw*)dw*) + p(w)d(w) (19

for all u,v € U. Now substituting 2uv for v in (19) and using the fact that char(R) # 2, we
obtain

F(uzv + v*u*z) = Flwa(uv) + Fwv'u)au*) + pv*u*)d(w*) + p(u)d(uv) (20)
for all u, v € U. On the other hand, taking u? for u in (19), we find that
Fw?v +v'u®) = Fuda®) + Fw)a@?) + BwHdw?) + Bw?)dw) (21)

forallu,v € U. Inview of (20) and (21), we obtain

nwalv) + (F(v*)a(u*) — F(v*u*) + ,B(v*)d(u*))a(u*) =0 (22)
forall u,v € U. Taking u = v in (22), we get
nwa@) —nw)aw) =0 (23)
forallu € U. Inview of (14), we have
nwa(u+u)=0 (24)

for all u € U. Substituting u for v in (18), we obtain

nwa(u—u*)=0 (25)
for allu € U. Comparing (24) and (25) and using the fact that char(R) # 2, we get
n(wa(u) =0 (26)

forallu € U. Since n(u) € Z(R) for allu € U, the last expression implies that a(u)n(u) = 0 for
all u € U. Linearisation of (26) yields

nwa@) + n(w)a() + B(u,v)a(u) + B(u,v)a(v) =0 (27)
for all u, ve U, where B(u, v) = F(uv + vu) — F(wa@) — Fw)a(u) — Bw)d(v) —
B(v)d(u). Takingu = —u in (27), we get

nwa@) —n(wa() + B(u,v)a(u) — Blu,v)a(v) =0 (28)
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for all u,v € U. Combining (27) and (28) and using the fact that char(R) # 2, we obtain
nwa@) + B(u,v)a(u) =0 forallu,v € U, ie. n(u) = F(u?) — F(wa(u) — B(u)d(w) for all
u € U. On right multiplying by n(u)to the last relation and using the fact a(u)n(u) = 0 forall u €
U, we find that n(uw)a(v)n(u) =0 for allu,v € U. Since a is onto, so we write a(v) = v and
from the last relation we conclude that n(u)U n(u) = (0) for allu € U. In view of Corollary 2.1
[16], we conclude that n(u) = 0 for allu € U, ie. n(u) = F(u?) — F(wa(u) — B(uw)d(u) for all
u € U. Therefore, F is a generalised Jordan (a, 8)-derivation on U. Hence F is a generalised
(a, B)-derivation [4 (Theorem 2.1)]. This completes the proof of the theorem.

As immediate consequences of Theorem 2 we have the following results.

Corollary 3 [5 (Theorem 3.1)]. Let R be a prime ring with involution with char(R) # 2. Suppose
that « and £ are endomorphisms of R such that a is an automorphism of R. If there exists an
additive mapping F: R — R associated with an (a,f) -derivation d of R such that F(xx*) =
F(x)a(x*) + B(x)d(x*) for all x € R, then F is a generalised (a, B)-derivation.

Corollary 4 [2, (Theorem 4.1.2)]. Let R be a simple ring with char(R) # 2 such that dim; R > 4.
Let d: R —» R be such that d(xx*) = d(x)x* + xd(x*) holds for all x € R. Then d is a derivation.

We now prove another theorem in the spirit of Theorem 2.

Theorem 3. Let R be a prime ring with involution with char(R) # 2 and let U be a non-central x-
closed Lie ideal of R such that u?> € U for allu € U. Suppose that a, 8 are endomorphisms of R
such that a is an automorphism of R. If there exists an additive mapping F: R — R associated with
an (a, B)-derivation d of R such that F(uv*u) = F(w)a(w*u) + fw)d(w")a(u) + B(uv*)d(u)
forallu,v € U, then F is a generalised («, 8)-derivation.

Proof: We have

Fuv*u) = Flwa@*w) + f)d@*)a(u) + f(uv*)d(u) (29)

for all u, v € U. Linearising the above expression, we get

F(lu+wv*(u+w)) = Flwa(*u) + F(wa(v*w) (30)
+ Fw)a(v*u) + Fw)a(v*w)
+pWd@)a(w) + pw)d@ ) a(w)
+pwW)d(w)a(w) +Bw)d@w )a(w)
+ B wvr)dw) + Buv)d(w)
+ B(wv)du) + pwv)d(w)

for all u,v,w € U. On the other hand, we obtain
F((u+w)v*(u+w)) = Fluv™w +wrv*u) + F(wa(v'u) (31)
+pWd@ )a(u) + fuv)d(w)
+ Fw)a(w*w) + Bw)d(w*)a(w)
+ Bwv)d(w)

for all u,v,w € U. Comparing (30) and (31), we get

Fuv'w + wv*u) = F(wa(w*w) + Fw)a(v*u) + f(w)d(w*)a(w) (32)
+ WA )a(w) + puv)dw) + f(wv)d(w)

for all u, v € U. Substituting u? for w in (32), we obtain
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F(uv*u? + u? v*u) = Fwa@*u?) + Fu?)a(w*u) + fw)d(@*)a(u?)
+BW?d @ )a(u) + fwr)dw?) + fu?v*)d(u) (33)

for all u,v € U. Further, on replacing 2(uv* + v*u) for v in (29), we obtain

2F (uv*u? + u?v*u) = 2(F(wa(uv*u) + Fw)a(w*u?) + f(w)duv*)a(u)
+ p(w)d (v w)a(w) + Bwv*)d(w) + B(uv*u)d(u))

forallu,v € U. Since char(R) # 2, we find that

F(uv*u? + u?v*u) = Fwa(uv*u) + F(w)a(v*u?) + f(w)duv*)a(uw)
+ pw)d@*w)a(u) + fw?v*)d(w) + B(uviu)d(u) (34)

for all u,v € U. On comparing (33) and (34), we obtain
Fw®)a(w*u) — Fwaa@*u) — fw)dw)a(v*u) =0 (35)

for all u,v € U. If we take A(u) = F(u?) — F(w)a(u) — B(u)d(u), then the relation (35)
reduces to
Awa@u)=0 (36)

for all u,v € U. Since «a is surjective, (36) implies that
a ' (AW))vu=0 (37)
for all u, v € U. Substituting 2v*u* for v in (37) and using the fact that char(R) # 2, we find that
a Y(A(u)uvu =0 (38)

for allu,v € U. Since char(R) # 2 and U is *-closed and square closed Lie ideal of R, the above
relation yields

a H(AW))ua tW)a L (Aw)u =0 (39)
for all u,w € U. This implies that
Awa(w)wAw)a(u) =0 (40)
for all u,w € U. That is
Aw)a(w)UA(w)a(u) = (0) (41)
forallu € U. By Corollary 2.1 [16], we get
A(wa(u) =0 (42)
for allu € U. Linearisation of (42) gives
Awa@) +yw,v)a(w) + Aa@) +yw,v)a(v) =0 (43)

for allu,v € U, where y(u,v) = F(uv +vu) — F(wa() — B(w)d(v) — F(v)a(u) — B(v)d(u)
forallu,v € U. Replacing u with —u in (43), we obtain

Awa@) +yw,v)a(w) — Aaw) —yw,v)a(v) =0 (44)
for all u,v € U. Combining (43) and (44) and using the fact that char(R) # 2, we get
Awa) +yw,v)a(u) =0 (45)

for all u,v € U. On right multiplication of the above equation by A(u), we obtain
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Awa()A) + y(u, v)a(w)A(u) =0 (46)
for allu,v € U. Substituting v* for v in (46), we find that a(u)A(w)a(v)a(u)A(uw) = 0. That is
a(w)A)Ua(uw)A(uw) = (0) (47)
forallu € U. Again, by Corollary 2.1 [16], we conclude that
a(uw)A(u) =0 (48)
for allu € U. Using (48) in (44), we have A(w)a(v)A(u) = 0, ie. A(u)UA(u) = (0) for allu €
U. By Corollary 2.1 [16], we obtain A(u) =0 for all u€ U, ie. F(u?) —Fwa(u) —

B(w)d(u) = 0 for all u € U. Therefore, F is a generalised Jordan (a, §)-derivation on U. Hence F
is a generalised (a, f8)-derivation [4 (Theorem 2.1)]. This completes the proof.

Direct application of Theorem 3 yields the following results.

Corollary 5. Let R be a prime ring with involution with char(R) # 2. Suppose that @ and S are
endomorphisms of R such that « is an automorphism of R. If there exists an additive mapping
F:R —» R associated with an (a, ) -derivation d of R such that F(xy*x) = F(x)a(y*x) +
Bx)d(y*)a(x) + B(xy*)d(x) for all x,y € R, then F is a generalised (a, §)-derivation .

Corollary 6. Let R be a prime ring with involution such that char(R) # 2, and let U be a non-
central x-closed Lie ideal of R such that u> € U for all u € U. If there exists an additive mapping
F:R > R associated with a derivation d of R such that F(uv*u) = F(u)v*u + ud(v*)u +
uv*d(u) for all u,v € U, then F is a generalised derivation.

CONCLUSIONS

In this paper we have studied some functional identities involving certain types of
derivations, viz. generalised (a,f) -higher derivations and generalised (a, ) -derivations on
semiprime rings with involution. Purely algebraic methods have been used to describe the forms of
additive maps applying to rings and their appropriate subsets (Lie ideals). The proposed methods
and results are extendable to other classes of algebra, e.g. Banach algebra, Operator algebra and
C+-algebra.
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