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Abstract: Based on an integral identity, we establish certain new k-fractional inequalities
via generalised logarithmically (a,m) -preinvexity. We also prove several product-type
inequalities for this class of mappings with other convex mappings. Finally, applications to
some inequalities in connection with special means are given.
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INTRODUCTION

If g:1 cR—>R isaconvex mapping and ¢,,e, €I with ¢, <e,, then one has
1 €
g(el+e2]S I g(l‘)dfﬁ g(el)+g(ez)’ (1)
2 e,—e " 2
which is called the Hadamard’s inequality.
The following inequality is named the Simpson’s integral inequality:

%{g(qwg[ j+g(e2)}—#fg(r)dr< o e @)
e,—e ’a

€ +€2

2880

where g:[e,e,] >R 1is a four-time continuously differentiable mapping on (e,e,) and

@) _ 4
5], = 5P [V O] <20

For recent results about inequalities (1) and (2), we refer to some studies by Khan et al. [1],
Sarikaya et al. [2], Awan et al. [3], Dragomir et al. [4], Du et al. [5], Wu et al. [6] and Set et al. [7].
Let us consider an m-invex set A . A set A —R" is named an m-invex set with respect to

the mapping 7:A xA x(0,1] > R" if mx+An(y,x,m)e A holds for all x,ye A and A €[0,1]
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with some fixed me(0,1]. A mapping g:A — R is called generalised quasi-m-preinvex with
respect to 17 if the following inequality
g (mx+2An(y,x,m)) < max {g(x), g(»)}

holds for all 4 €[0,1] and x,y € A with some fixed m € (0,1].

A mapping g:A — R is called generalised (m,s)-Breckner-preinvex with respect to 17 if
the following inequality

g (mx+m(y,x,m))<t'g(y)+m1-1) g(x)

holds for all # €[0,1] and x,y € A with some fixed s,m € (0,1].

Very recently, an article by Zhang et al. [8] derived the following integral identity via the
second-order derivative of g to establish k-fractional integral inequalities for the generalised

(m, h)-preinvex functions.

Lemma 1 [8]. Let A < R be an open m-invex subset with respect to 77: A x A x(0,1] > R\ {0}
for some fixed me(0,1] and let e,e, €A , ¢ <e, with n(e,,e,,m)>0. If g:A >R is twice
differentiable on A such that g" is integrable on [me,,me +n(e,,e,,m)], then the following

equation for k-fractional integrals with x €[e,e,], 4 €[0,1], 7 >0 and &k > 0 holds:

%+2 -
L,, (@, kx,A,me.e)= rn (x,¢,m) J}:{(%+l]l—tk}g"(mel+t17(x,el,m))dt
(k-i_l]n(ezaelam)

LV il K +1]A “‘} "(me, +m(x,,,m))dr
(k+1]77(€2’@nm)

where
L, (z.k;x,A,m,ee,)

1-1 r Tz
::—|:77k (xaelam)g(mel +n(xaelam))+(_l)knk(xaebm)g(mez +n(~xaez’m)):|
n(629elam)
A i ko
—— |1 (xaelam)g(mel)+(_l) n (x:ezam)g(mez)
n(eZaelam)
BRI
%4—1 T Ih T
+—|:(_1)k 77k (xaebm)g'(mez +77(x9629m))_77k (x:elam)g'(me] "'77(35:@1:’"))}
n(eZaelam)

L (t+k)

+
n(ez,el,m)[" (s 84

sg(me) |

me +1(x,e,,m))
and I', is the k-Gamma function.

Let us mention a formal definition for generalised logarithmically («,m)-preinvex function.
Definition 1 [9]. Let A < R"be an m-invex set with respect to n7: A xA x(0,1]— R". A mapping

g:A > R" is generalised logarithmically (o, m)-preinvex with respect to n if the inequality

g(mx+an(y,xm)<[gW]" [g@)]

m(1-1%)
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holds for all 4 €[0,1] and x,y € A with some fixed a,m € (0,1].
For some related results concerning logarithmically functions, we refer to studies by
Karabayir et al. [10], Zafar et al. [11], Hussain and Rafeeq [12], Noor et al. [13] and Latif et al. [14].
A recent article by Wu et al. [15] presented some product-type integral inequalities for
strongly logarithmically convex mappings, one of them given in the following theorem.
Theorem 1 [15]. Let ¢,e, e R with ¢ <e,, and let f,g:[e,e,] > R". If f is s-convex on
[e,,e,] with s €(0,1] and g7 1s strongly logarithmically convex on [e,,e,] with modulus ¢ >0 for

q 21, then we have

_{f(ahf(«a)} {{ g'(e)-g"(e) g(ez }f( )

s+1 s+2 3)
gq(el)_gq(ez) gq(ez) 0(62 )

R e OB e O

Earlier, an article by Kirmaci et al. [16] presented the following inequality of Hadamand
type for the product of s-convex mappings.
Theorem 2 [16]. Let f,g:[e.,e,] >R, e,e, €[0,0),¢ <e,, be functions such that f,gand fg
are in L'([e,e,]). If f is 5,-convex and g is s,-convex on [e,e,] for some fixed s,,s, € (0,1],
then

1
< M(6,e) + B(s 15, +DN (e e,)
+

s, +8, @
1 I'(s)I'(s
= M(e,,e,)+s,s, (5)I(s) N(e,e,) |
s +s, +1 [(s,+s,+1)

where M(e,e,) = f(e)g(e)+ f(e,)g(e,) and N(e,e,) = f(e)g(e,)+ f(e,)g(e).

Our aim is to establish, using Lemma 1, some new integral inequalities like those given in
the article by Zhang et al. [8], but now for the class of generalised logarithmically (o, m)-preinvex

mappings. We also prove analogues of inequalities (3) and (4) for this class of mappings with other
convex mappings. Finally, applications of our results to special means are provided.

We end this section by reciting the concept of the k-fractional integral operators:
Definition 2 [17]. Let he L'([u,v]); the k-fractional integrals ,J ;Jz(x) and ,J “h(x) of order
7 >0 are defined by

J k)= ( )j =) )R, (0<p<x<v),
J T h(x)= [fa- 0 AL, (0 u<x<v),

kF()

}.k
respectively, where k >0 and T, is the k-gamma function defined as I', (x)=| A*'e *dA.
k k 0
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INEQUALITIES FOR DIFFERENTIABLE FUNCTIONS

Throughout this section, let A R be an open m-invex subset with respect to
n:AxAx(0,1]—>R\{0} and let e,e, € A, ¢ <e, with n(e,,e,,m) >0.

We also assume that g:A — R is twice differentiable on A such that g" is integrable on
[me,,me, +1(e,,e,,m)]. Using Lemma 1, we now state the following theorem.
Theorem 3. If ( g“)q is generalised logarithmically (o, m)-preinvex on A for some fixed

oa,me(0,1] and g = 1, then the following inequality for k-fractional integrals with x €[e,,e,],
A €[0,1], >0, k>0 holds:

‘Lg,n (r,k;x,A,m,e ,ez)‘
1

<A (k,t,2) T”k (x.€,m) ‘([g"(x)]qAz(k,r,l;a)+[g"(el)]qmA3(k,r,l;a))‘f
( +1jn(ez,e,,m)‘

L& 1)" (x ez,m)‘ [g"0)]" Akt As0) +[g"(e)]" Ay (k,T, 4 a))
(k+1jn(ez,e,,m) ‘

where
142k
TKTHJA} ‘ (T+l]ﬂ,
a - L o<as— L
T2 2 +2 —+1
( +1]/1 tk|de = k k k (5)
(T+l]ﬂ,
- ! , L<131,
2 L2 i1
k
L k(@+2)
%{(Tﬂjﬁl ‘ (T+1jﬁ,
k L\ _\k + ! , OSASL,
(a+2)( +a+2] a+2 Tia+2 L
( +1]1 tk|ede = k k
(T+ljﬁ,
LSNP LY P
a+2 Tra+2 |
k
(0)
and
- Olt(%ﬂ]/l—t" (1-1*)de = A (k,2,A)~ A, (k. Ase),  0<A<L. 7)
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Proof. Suppose that ¢ =1. From Lemma 1, we have

2 ‘ i1
‘qun(r,k;x,l,m,el,ez)‘s nt (x.e,m) J:r[%ﬂ]l—tk |g"(mel+t77(x,el,m))|dt

T
(k'i‘l]n(ez;elﬂm)‘
(8)
00 e m)‘ Wz ;
N 5 €5, J'Ot (;-{-ljl—tk |gn(me2 +t77(x,ez,m))|dt.
(Z+1]n(62’el’m)

Using the generalised logarithmically (a,m)-preinvexity of g" and employing the inequality of
u' <(u-1)s+1 forall 0<s<1 with u >0, we know that for any 7 €[0,1],

|g"(me1 +t77(x,el,m))|

a

< " m(1-1) " @ _ " m g"(X) jt (9)
B A I O s
<[g"E)] K%—l]ta + 1} =g"()" +[g"(e)]" (1-1)

and

" (me, + (x,e,,m))| < g"C0r" +[g"(e)]" (1-1%). (10)
Using (9) and (10) in (8), we have

L, (r.ksx, A m,e e)| < ' (x.e,m) ‘j@lt (3+1j/1—ﬂrf (g"(x)t“ +[g"e)]" (l—t“))dt
(Z+1]n(ez,el,m)‘ k

_ PA AL ‘ 2
(=D" 7 (x,ez,m)ft(zﬂ]i_tk
T o Nk
(k+1)n(e2aelam)‘

+

(g +[g ()] A-1))as

=‘ 1°_{%,m) ‘[g"(x)Az(k,r,A;a)+[g"(e1)]"’Az(k,r,z;oo}
‘(T+l)n(ez,el,m)‘

2 o

(-t (x,ez,m)‘
T
(k+ljn(ez,el,m)

which completes the proof for this case. Using the power mean inequality for ¢ >1, we have

J'lt(zﬂjl—tk
o\ k

S[Ilt(z+ljl—tk
o Nk

+ & Ak, A0 +[g(e)] As(h, As) |,

|g"(me1 +t77(x,e1,m))|dt

1
1—
q z
dtJ [Ilt (Zﬂji—t’f
o \k

(11)

|g "(me, +m(x, el,m))|q dt}q
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J'Olt (%+1jﬂ —tk ‘g"(me2 +t17(x,ez,m))‘dt

1
1——
S[Ilt(£+ljft—tk dtJ qut ££+1]/1—t"
o\ k o\ k

Using the generalised logarithmically (a,m)-preinvexity of (g")", and employing the inequality of

and

, (12)
‘g"(me2 +tn(x,ez,m))‘q dt]q .

u’ <(u-1)s+1 forall 0<s<1 with u >0, we know that for any 7 €[0,1],

|g" (me, +m(x,e,,m))[ <[g")] 1" +[g"(e)]" (1-1) (13)

and

‘g"(me2 +m(x, ez,m))‘q < [g "(x)]q t* + [g "(ez)]qm (1 -t ) (14)
Using (8) and (11)-(14), we have

‘Lg’n (t,k;x,A,m,e, ,ez)‘

q

L ‘ P ‘ s
<A (k)T ) Ult [1+1]A—tk
T o\ k
‘(k+1]77(625815m)‘

[zﬂjl—tk
k

[T +[g"e)]" (1-1)] dt]

T

L) +2
(_l)k 77k (xaebm)‘ J.lt
T 0

%_’_1 77(6258157%)

(O] r“+[g"<ez>]qm<1—r“)}df]q

+

:A:_‘f(k,r,l)‘ n’_(xe.m ‘([g"(x)]qAz(k,r,l;oc)+[g"(el)]qmA3(k,r,l;a))"
‘(r+1]n(ez,e,,m)

1

([ g"] A,k 7, ) +[g"(e)]"” A3(k,r,z;a))3 ,

(4W%ﬂ@&wJ
T
(k_'_ljn(ez’e]’m) ‘

which completes the proof.

+

Corollary 1. In Theorem 3 if we put the mapping n(e,,e,,m)=e, —me, with m =1 and take

+
=979 for some fixed a e (0,17, then we have the following inequality:

I

2k
—L, (T,k; Gré ,l,l,e],ezj
. 2

7
(e, —¢)"

- (I—A)g(—e‘;ezjwl[g(e‘);g(ez)}zk Fk(ﬁrk{ﬂ ey 8@ g(e)
(e,—e)* (T] [Tj
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(o) A:q(k,r,l){{g"(e] ;ez ﬂ A, (k7 20) +[g"(e)]' A3(k’f’l;a)]q

) 8(T+lj
k
+[{gn(‘“Tezﬂq A, (k,7, 250) +[g"(e,)]’ A3(k,r,l;a)]q .

Theorem 4. If (g")q is generalised logarithmically (o,m)-preinvex on A for some fixed

o,me(0,1] and g >1, then the following inequality for k-fractional integrals with x €[e,,e,],
A €[0,1], >0, k>0 holds:

T
1 z 1

+2

> ‘ ko (x,e,m ‘ " 1 " mo o)

|Lg’n(‘[’,k;x,ﬂ,,m,€l,€2)|£ Af(karaﬂ'ap) Tn ( 1 ) ([g (x)]qT_l_[g (el)]q 1]
‘(+1)n(ez,el,m> “ “

I, 1

“‘W”‘( ] e ]
( + (e, e, m)

where p~' +¢7' =1,

|P
A,(k,T,2,p)= jt”( +1jﬂ,—ﬂf dt
o izo,
T
—+1[+1
p(k )
[ k+kp[%+l) ]
kKZ”ji} | (1+p)
+
)
T , 0<A<
pHl —+1
= 1{1—(;“)1} » k
Rl KR o ( 1)1
T(p+1) T |
k+kp[%+l)
kKZH)i} r 1 k(1 1
B ; (+p), +p | <A<,
¢ (THji t L
k k

with B(x,y) = %z(yy)) = jol ' 1=¢)""dt, x,y>0,

B(a;x,y)= J.:t"“ (1-¢)"'dt, 0<a<l,x,y>0,
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1 1
F(a,bic;z)=———— | "' A=) =zt)“dt, ¢>b>0,
F( ) ﬂ(b,c_b)jo (EHREED

Proof. Continuing from inequality (8) and the Holder’s inequality, we have

‘Lg,n (t,k;x,A,m,e,, ez)‘

z|<1.

£+2 7 e | as)
< n* (x,e,m) {"lﬂ’ (£+1ji—tk dr U]‘g"(me]+t77(x,e],m))‘q dt:|q
(Z+l)77(ez,e],m)‘ 0 k | 0
T T l
(_1)k+277k+2(x’62’m)‘ Lol T ip re " q i
+ o (Z+ljl—t dt Uo‘g (mez+tn(x,e2,m))‘ dt} )

T
G+ Dnle,,e,m)

Using the generalised logarithmically (o, m)-preinvexity of (g")" and employing the inequality of

u' <(u-1)s+1 forall 0<s<1 with u >0, we know that for any 7 €[0,1],

[.le"(me, + (e, m)[ de < [[g"(el)]"’”“"” [g"@)]" }dt

oot g @ )"
e [ £0 ] w

. (16)
<[g"(e)]" J(:{(ﬁ] —1}“ +1} de

g 1 " qm
=[g' @] —+[g"@)]"
and

! q " q 1 " qm
Jo‘g"(mez+tn(x,e2,m))‘ dté[g (x)] ﬁ+[g (ez)] ﬁ. (17)

Hence if we use (16) and (17) in (15), then we obtain the desired result. This ends the proof.

PRODUCT-TYPE INEQUALITIES THROUGH GENERALISED LOGARITHMICALLY (a,m) -
PREINVEXITY

Next, we establish several Hadamard-type integral inequalities for the product of generalised
logarithmically (a,m) -preinvex functions and other convex functions.
Theorem 5. Let ¢,e, €[0,+0),¢ <e, with n(e,,e,m)>0 for some fixed me(0,1], and let
f, g :[me,,me, +n(e,,e,m)]— (0,0) be non-negative integrable. If f is generalised quasi-m-
preinvex on [me],me] +77(e2,e],m)] and g? is generalised logarithmically (a,m)-preinvex on
[me,,me, +n(e,,e,,m)] for some fixed or,m € (0,1] with g >1, then we have

q

1 jmel +1 (e ,€,m)

77(62 €5 m) e

f(x)g(x)dXSmaX{f(el)af(ez)}{[g(el)]qmﬁﬂg(ez)]q ﬁ}
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Proof. Taking x =me, +1n(e,,e,m) for ¢t €[0,1], using the Holder’s inequality, and employing the

conditions that f is generalised quasi-m-preinvex and g? is generalised logarithmically (a,m)-
preinvex, the following is figured out:

S (x)g(x)dx

1 J‘mel +1(e, .¢,,m)

U(ezaenm)

me;

:_[;f[me] +t77(ez,e],m)]g[me] +t17(ez,e],m)]dt
< {J:f[me] +t77(ez,e],m)]dt}]_q {I;f[me] +t77(ez,e],m)]g” [me] +t17(e2,el,m)]dt}q (18)

1

<[max{ £(ey). fe}] |l max | feen. e L)l [een]” drff

—max £ (&), /(e }{ [ [e(@)]" " [g(e] " ar}".

Employing the inequality #’ <(u—1)s+1 forall 0<s <1 with u >0, we obtain

Jol[e@]™ " [ete)]” |ar=[e@]" ([g((e;]m] ar

<[g@)]" | {([;(ezﬁm] —1}%1}@ (19)

~[g(e)]" - ge)l —
Hence if we use (19) in (18), we obtain the desired result. This completes the proof.
Theorem 6. Let g :[me, me +1n(e,,e,m)]—(0,00) be generalised logarithmically (o,,m)-
preinvex on  Int[me,me +n(e,,e,m)] with some fixed o,me(0,1] (i=12,-,n),
e, e, € Int[me,,me, +1(e,,e,,m)], 0<e <e, and n(e,,e,m)>0. If ¥, B; =1, ;> 0, then the
following inequality holds:

1 f,:”( @ ’”’Hg (x)dx < Z[ g (e])]ﬂ [g (ez)]” ﬁ+1]

n(e,,e,m)

1

Proof. Using the inequality

1 x !

888, Sﬂ](gl)ﬂl +ﬁ2(gz)ﬂ2 +'“+ﬁn(gn)ﬂ” > ﬁi >0, Zﬁz =1,
i=1

and using the generalised logarithmically (a,,m) -preinvexity of g,, we have
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1 me, +11 (e, ,¢,,m) 4 n
J‘mEI n( )Hgi(-x)d-x = jol Hgl, [me1 +t77(€2,el,m)]dt
i=1 i=1

- IO] Zn:ﬂi (& [me +”7(€2,€1,m)])ﬂ% de
i=1 | | o
<[ A le] e @

= Z(ﬂfol (2] g en]n"” dt)_

Using the fact that #° <(u—-1)s+1 forall 0<s<1 with u >0, we have

i

j;[gi(eo]fi"“‘ e dr=[g ()i j([g((:;]m]" dr

(€2 li_ a;
<[g,(e)]* j ([g(e])]m] 1] 1l de @1

LI |
+[gi (ez)]ﬂf a

m 051
=la@)] a. +1 +1

Hence if we use (21) in (20), we obtain the desired result. This completes the proof.
Theorem 7. Let e,e, €[0,4+0),¢ <e, with 7n(e,,e,m)>0 for some fixed me(0,1], and let
f,g:[me,me +n(e,,e,m)]—> (0,0) be non-negative integrable. If f is generalised (m,s)-
Breckner-preinvex on [me],me] +77(e2,e],m)] for some fixed s,me(0,1], and g? is generalised
logarithmically (cz,m)-preinvex on [me,,me, +1(e,,e;,m)] for some fixed o, m € (0,1] with g >1,
then the following inequality holds:
1 me,+1(e, e ,m)
| f()g(x)dx

n(e,,e,m)

s{M} ”{mf(eo[(g‘f(ez)—gq'”(e]))ﬂ(a+1,s+1>+g—(e‘)]
s+1 s+1

L 2)[g (e)-g"(@) , g (e])]}_

s+a+1 s+1

Proof. Taking x =me, +1n(e,,e,m) for ¢t €[0,1], using the power mean inequality, and employing
the conditions that f is generalised (m,s)-Breckner-preinvex and g? is generalised logarithmically
(a,m) -preinvex, the following is figured out:

1 J-mel +1(ey,e ,m)

n(e,,e,m)

J(x)g(x)dx

me;

= [, £ [me, +m(e,.e,m)] g [me, +me,,e,m)]de

1

< {J;f[me, +t77(ez,e,,m)]dt}]_q {L:f[me] +t77(ez,e],m)]g” [me1 +t17(e2,el,m)]dt}q (22)
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1

< { Iol[m(l—t)s fle)+t f(ez)]dt}]_q { Ll[m(l 1y fle)+ e 2] [g(e)]” dt}"

o) {2 e f oy {—g(ez) } arf e {—g(%) } d
Ky 0 0

+1 [g(e)]” [g(e)]”
Here, letting v = % and using the inequality v*" < (v’ —1)t* +1 forall 0<r<1, we have
glg
« 1
[[a-orvrde< [ a-oy [0 -1 +1]de = (v =D (e +1s+1)+— 23)
0 0 s+1

and
vi—1 1
+

s+oa+l s+1

vitde< [T =1 +1]dr = (24)
0 0

Hence if we use (23) and (24) in (22), we obtain the desired result. This ends the proof.

Theorem 8. Let e,e, €[0,+x),¢e <e, with n(e,,e,m)>0 for some fixed me(0,1], and let
f,g:[me,me +n(e,,e,m)]— (0,0) be non-negative integrable, either increasing or decreasing
synchronously. If f, g are generalised logarithmically (o,,m), (a,,m)-preinvex mappings on
Int[me,, me, +1(e,,e,,m)| with some fixed a,,a, € (0,1], then we have

1 jmel""?(ez,el ,m)

1 J-mel +1(e, e ,m)
n(e,,e,m)ma

n(e,,e,m)m

S@g@dr+{L [ £2(e), () L[ 2°(e). " (e) ]I

f(0)dx-L,[g(e). g(e,)]+ g)dx-Li[ /(). f(e)]

< -
n(eza €, m) e

where

1 jmel +1(ey,¢,m)

a,

L(g.o)=[ "9 de =", Lﬂ dr,  (i=12)

Proof. Since /', g are generalised logarithmically (c,,m),(c,, m) -preinvex, we have
fTme, +m(eye,m]<[fe)]" [ fe)]
glme, +m(e,.e.m)]<[g(e)]"" ™" [ge)] .
Now, using (x, —x,,x, —x,) >0, (x,x,,x;,x, €R), x, <x, and x, <x,, one has
fme, +m(e,.e.m)|[g(e)]"" [g(e)] +g[me +mle,e,m][f(e)]" ™ [fe)]
< f [me, +m(e,.e,,m)] g[me, +m(e,.e,m)]+[ £(e)]"" [ f(e)] [ge)] [gle)]

Integrating the inequalities above with respect to ¢ on [0,1], we have

[ £me,+mes.e.m)][ge)]" " [ge)]” dr+] g[me +mmies.e.m)][ )] [f(e))] " dr

<[, [me, + (e, . m)] g me, + (e m)]de+ [[[ 1)) 1] [ge)] ™ [ete)]

Using the property that f, g are either increasing or decreasing synchronously, and then employing
the Cauchy inequality, we have
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Jo £ Imey+tmtes. e, mar [ate)]™ g(e)]” a
+ jol g[me, +m(ey.e,,m)]dt j; [Fe)]"" " [f(e)] " dt
< I;f[me] +tn(e2,e],m)]g[me] +t17(ez,el,m)]dt

(L e (el lee]” Jar

1
<[ Sme +m(e;,e,m)] g[me, +m(e,,e,m)]di

AR @I ] af [ste] st af

Taking x = me, +1n(e,,e,,m) for ¢t €[0,1], we obtain the desired result. This completes the proof.

Corollary 2. In Theorem 8 if we put the mapping 7n(e,,e,,m)=e, —me, with m =1, and choose
a, = a, =1, then we have the following inequality for logarithmically convex functions:
g(e2)_g(el) jezf(X)dX'i' f(eZ)_f(el) Iezg(x)dx
Ing(e,)—Ing(e) In f(e,)—In f(e) "«
< J‘ez f(x)g(x)dx+ (62 _el)[f(ez)g(ez) _f(el)g(el)]
¢ In[f(e,)g(e,)]-In[f(e)g(e)]

- e—e | fle)-fe) gle)-g) |’
<[, s = {(lnf(ez)—lnf(el))(lng(ez)—lng(el))}'

Theorem 9. Under the assumptions of Theorem 8§, we have

1 J‘mel +1(ey,¢,m) J‘mel +1(ey,¢,m)

n(ezaelam) e n(ezaelam) e

S (x)g(x)dx

g (x)dx

<
n(ey, e, m)

<O[f(e)g)]" +0,[f(e)]" gle) +0,f(e)[ge)]" + 0, (ey)g(e,),

1 J‘mel +1(ey €,m)

where
a0, (e, +o, +2) o

T (@t D))’

O =

(o, D) + ), +1)

O

0,

a, 1
= ’ Q4
(a,+a, +1)(a, +1)

o, +a,+1

Proof. Since f, g:[me,me +1n(e,,e,m)]— (0,00) are generalised logarithmically («,,m),(a,,m)

-preinvex, we have
S [me, +mesem]<[Fe)]" )]

g[me, +m(e, e, m)]<[2(e)]" " [g(e)] -

Multiplying the above inequalities on either side (i.e. from left to left and right to right), and using
the inequality of u® <(u—1)s+1 forall 0<s <1 with u >0, we obtain
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f[mel +m(e,, e ,m)]g[mel + tn(ez,el,m)]

<(Lr@r L) (L@ fete]”)

_ o[ fe) [ g |
L/ @)ete)] _[f(eln'"} Lg(el)]’”}

(25)
<[f(e)g(e)]” (%—ljt“' +1}HL€2)—1]#‘2 +1}

i [g(e)]”
=(1=t")A=t)[f(eN]" [g(e)]" +1 (A=1")[ f(e)]" g(e,)
U (1=17) fey)[gle)]" +171 fey)g(e,).

Since f, g are either increasing or decreasing synchronously, by using the following Chebyshev
inequality,

1 € 1 e 1 e
—— " f@)g)dr = ——[" f(x)dx——[" g(x)dx,
€, —¢ " €, —¢ " €, —¢ "
we have

[, £ [me, +tn(ey.e,,m)] g [me, + (e, e,m)]dr

> J;f[me] +tn(ez,e],m)]dtj;g[me] +t77(ez,e],m)]dt

1 J‘mel +1(ey,¢,m)
n(e,,e,m)m

1 mel+ € ,e,m
f(x)dx—_[ n( )

g(x)dx.
n(e,,e,m)m
On the other hand, integrating both sides of the inequality (25) according to t over [0,1], we have

1 J‘mel‘”](ez ,€1,m)
n(e,,e,m)om

1 J‘mel +n(ey,€,m)
n(e,,e,m)om

1 me,+1 (e, e, ,m
e [T

g(x)dx
n(e,,e,m)-ma

J(x)g(x)dx

<[f(e)ge)]" J:(l—r“l )16 )de+[ £(e)]" gley) jO‘ e (114 dr

+f(elg@)]" [ 1 (1= )de + fe)g ey 11 dr

B m oo, (o, +o,+2) m a,

=[f(e)g(e)] @ o D@+ e tD) +[f(e)]" ge,) e e +DE D
+ f(e)[g(e)]" =

1
2 + f(e)g(e,) —,
(@ +a, +1) @ +1) S (&) 2)a1+a2+1

which completes the proof.

In Theorem 9 if we take 7(e,,e,m) =e, —me,, then we have the following inequality:
1 €y 1 e
[* feode: [ g(x)dx
e, —me, I e, —me, 7"
1 &
[* F(g(xdx
e, —me, Ime

<

(26)
<0/[f(e)g)]" +0[f(e)] gle)+ 0, f(er)[g(e)]" +0.f (e,)g(e,)-
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APPLICATIONS TO SOME SPECIAL MEANS

For non-negative numbers e, e, (¢, #e,), we define

e t+e e, —e
A(el’ez): ] z’ L(elaez): 2 : 5 H(el’ez):
2 Ine, —Ine, e +e,

2ee,

1
Taking g(x)=— for xe(0,+©), one has [g"(x)]’ =2%exp(-3¢Inx). Note that
X

3 . s
(-3¢Inx)"= —62] >0 for ¢ >1. This shows that (g")? is logarithmically convex on (0,+x).
X

Applying this function g(x) to Corollary 1 with k=7 =a =1 and ¢ = 1, we have the
following results.
Proposition 1. Let 0 <e <e, <+oo. Then we obtain the following results.

(a) For A =0, we have

- 4 (ez_el)z -3 L5 5
| A7 (e,6,) - L (el,e2>|sT[A (epe)+3H (e |

(b) For A=1/3, we have
2
%H"l(el,ez)+§A"l(el,ez)—L'l(el,ez) sw[ﬁA‘3(el,ez)+3—7H“ (ef,ef)}-

16 243 243

(c) For A=1/2, we have
1, 1 ) e,—e)[1 1,
‘EH l(elaez)"'EA l(el,ez)_L l(elsez) S%[EA 3(61’62)"'5[—1 1(6133623):|'

(d) For A =1, we have

- - e,—¢)[5 _ -
‘H l(el,ez)—Ll(el,ez)‘g% 5A (e, e,)+H 1(613,623) .

Proposition 2. For 0 <me, <e, <+ with some fixed m € (0,1], we have

L’ (exp(me,),exp(e,) ) < A(exp(me, ), exp(e,)) L (exp(me,),exp(e,) )
< %[exp(2mel) +exp(me, +e,)+exp(2e,)].

Proof. If we choose the logarithmically (I,m)-convex function f(x)=g(x)=e" for x e (0,)

with some fixed m € (0,1] in (26), then we obtain

! jez e“dx- jez e"dx = I’ (exp(me,),exp(e,))
e, —me, e e, —me, m
1 €
< j e**dx = A(exp(me,),exp(e,)) L(exp(me,),exp(e,))
e, —me, 7

< %[exp(2me]) +exp(me, +e,)+ exp(2e2)],
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CONCLUSIONS

We have established some k-fractional inequalities for a class of generalised
logarithmically (e,m) -preinvex mappings. We have also proved certain Hadamard-type

inequalities for products of the generalised logarithmically (a,m)-preinvex mappings with other

convex mappings.
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