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Abstract: A new generalised p-proximity structure is obtained using hereditary class on a
set.

Keywords: generalised topology, hereditary class, p-proximity

INTRODUCTION

Csaszar [1-3] introduced and investigated the notions of generalised topology and hereditary
class. Then many authors such as Carpintero et al. [4], Renukadevi and Vimaladevi [5] and Qahis
and Noiri [6] have used these concepts to extend classical topological concepts.

Efremovi¢ [7] introduced proximity structure, which plays an important role in many
problems of topological spaces such as compactification. Then Lodato and others [8-11]
investigated generalised proximity structures. Especially, Hosny and Tantawy [8] constructed a new
proximity structure via ideals and Mukherjee et al. [10] defined u-proximity and proved that every
proximity space is a y-proximity space. In addition, they introduced quasi y-proximity as a
generalisation of pu-proximity.

In this paper we construct a kind of u-proximity via hereditary classes. Firstly, we define a
local function with respect to u-proximity and hereditary classes and give its basic properties. Then
by using this function, we establish a new quasi u-proximity and investigate its relations to u-
proximity.
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PRELIMINARIES

Let X be a non-empty set and let §o(X) denote the power set of X. Then u € (X) is called
a generalised topology (GT) onX [1, 2] if @ € pand G; € pufori € I # @ imply G = U;¢; G; € U.
The pair (X, 1) is called a generalised topological space (GTS). The elements of u are called u-open
sets and the complements of p-open sets are called u-closed sets. Let (X, u) be a GTS and A C X.
The p-closure of A, denoted by ¢, (A), is the intersection of all u-closed sets containing A and the u-
interior of A, denoted by i, (4), is the union of all u-open sets contained in A. Then ¢, (A) is a u-
closed set and x € ¢, (A) if and only if x € G € pimpliesG N A # @. A map ¢: X — p(p(X)) is
called a generalised neighbourhood system [2] on X if for each x € X, V € ¢ (x) implies x € V.
ThenV € ¢ (x) is called a generalised neighbourhood of x € X. If uis a GT on X, then we can
define a generalised neighbourhood system ¢, on X by ¢ (x) = {A:x € G € A for some G € u}
for x € X. In addition, u is normal [12] if and only if whenever F and F' are u-closed sets such that
F N F' = @, there exist u-open sets G and G'satisfying F € G,F' € G'and G N G' = Q.
A non-empty family § of subsets of a non-empty set X is called a hereditary class [3] if A C
Band B € §; then A € $. $ is said to be pu-codense [3] if u N $H = {@} and strongly u-codense [3]
ifG,G'€ pyandGNG' €H; thenG NG = Q.
A binary relation §, on §(X) is called a u-proximity [10] on X if §,, satisfies the following
conditions for A, B,C,D € p(X):
(1) A6, B if and only if B§,A;
(2) If A6,B,Ac C and B c D, then C§,,D;
(3) x6,x for each x € X;
(4) A8, B implies there exists C such that A§,C and (X\C)d,B.
Also, &, is said to be quasi p-proximity if it satisfies (2), (3) and (4).
Proposition 1 [10]. Let (X,6,) be a p-proximity space (or quasi g-proximity space) and let a
subset A of X be defined to be §,-closed if and only if x4, 4 implies x € A. Then the collection of
complements of all §,-closed sets produce a GT u = 7(6,) on X.

Proposition 2 [10]. Let (X,d,) be a u-proximity space (or quasi p-proximity space) and p =
7(6,). Then Cgﬂ(A) = {x: x6,A} is the u-closure of A ¢ X. Also, G € 7(6,) if and only ifxE(X\
G) foreachx € G.
In this paper the members of 7(6,) will be called 6,-open sets.
Lemma 1 [10]. Let (X, ,) be a - proximity space and 4, B < X. Then
AS,B & Cgﬂ(A) 6, c(gM(B)
where the p-closure is taken with respect to 7(6,,).

Definition 1 [10]. Let (X,d,) be a p -proximity space and A,B c X. B is called a 6, -
neighbourhood of A if A8, (X\B); it is denoted by A <, B.

Theorem 1 [10]. Let (X,4d,) be a u-proximity space. Then the relation <, satisfies the following
conditions for A,B,C,D € p(X):
(1) A K, B implies A c B;
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(2) Ac B K, CcDimplies A <, D;
(3) A K, B implies (X \B) <, (X \A4);
(4) A K, B implies there exists C < X such that 4 <, C <, B.

Remark 1 [10]. Let (X,6,) be a u-proximity space and A < X. Then each §,-neighbourhood is
also a 7(6,)-neighbourhood of A.

HEREDITARY u-PROXIMITY SPACES

In this section we define the local function with respect to a hereditary class and p-
proximity. Also, we study its several properties.

Definition 2. A p-proximity space (X, §,) with a hereditary class § is hereditary py-proximity space
denoted by (X, 6,,9). For each subset A of X is defined the local function of A with respect to §,,
and $ as follows:

A6, 9)=U{xeX:UNA¢&S forall §, —neighbourhood U of x}
We will simply write A* or A*(9) for A*(8,, D).

Proposition 3. Let (X,4,,9) be a hereditary u-proximity space and A4, B < X. Then the following
hold:
(1) A c B implies A* c B*;
(2) A € 9 implies A* = Q.
Proof.
(1) Letx € A*for x € X. We have U N A ¢ § for each §,-neighbourhood U of x. This implies

UNB¢&$ since A c B. Then we have x € B*.
(2) Since A € §, it is obvious by Definition 2. O

In the following example it is shown that A* and A are independent of each other and the local
function with respect to §, and § is not closed under finite union.

Example 1. Let $ be a hereditary class and let § be an indiscrete proximity on any set X. That is,
ASB for every pair of non-empty subsets A and B of X. Since § is a proximity, then it is also a u-
proximity. If A € §, then A* =@ and if A ¢ $H, then A* = X. Also, let A, BE€EHand AUB & 9.
Then we have (AUB)* =X # A"UB* = Q.

Theorem 2. Let (X,5,,9) be a hereditary u-proximity space and A € X. Then A*(7(5,),9) <
A (6, 9).

Proof. Letx & A*(6,,9). Then there exists a §,-neighbourhood U of x such that U N A € §. Since
U is a §,,-neighbourhood of x, it is also 7(8,)-neighbourhood of x. Thus, we get x & A*(7(5,), D).
O

Proposition 4. Let (X,6,) be a p-proximity space and let H;and $, be two hereditary classes on
X. H1 € 9, implies A*(H,) € A*(H,) for A C X.

Proof. Letx € A*(9;). Then for every 6,-neighbourhood U of x, U N A &€ $,. This implies that
U NA ¢ %, by the hypothesis. Thus, we obtain x € A*($,). O
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Definition 3. Let §; and §; be two pu-proximities on a non-empty set X. Then &7 is called finer
than & , denoted by 6; < 87 , if AS;B implies AS;B for A,B c X.

Proposition 5. Let §; and §; be two pi-proximities on a non-empty set X. If §; < &7, then 7(8);) €
T((Sﬁ).

Proof. Let A € 7(8}). Then x §1(X\A) for each x € A. Since 8} < &2, it follows that x §Z(X\A).
Thus, we get A € T(67). O

Proposition 6. Let 8}, 67 be two p-proximities on a non-empty set X and let §;7 be finer than §j;.
Then for any hereditary class $ on X and for A € X, we have A*(62,9) c A*(6L, 9).

Proof. Letx ¢ A*(6;,%). Then there exists a &;-neighbourhood U of x such that U N 4 € §. By
hypothesis, U is also &7-neighbourhood of x. Thus, we obtain x & A*(6Z,%). O

Lemma 2. Let (X,5,, ) be a hereditary u-proximity space and A  X.

(1) If $ = {0}, then A (6, {0}) = c5,(4).

(2) If $ = p(X), then A*(6,, (X)) = .

Proof.

(1) Let x & Cgu(A). Then we have x@A by Proposition 2. This implies that X\A is a §,-
neighbourhood of x. Since A N (X\A) = @ € $, we have x & A*(6,,{0}). For the other
inclusion, let x & A*(8,,{@}). Then there exists a §,-neighbourhood U of x such that U N
A € % = {0} This implies U N A = @. So we have x EA. Thus, we get x & Cgu(A).

(2) For each x € X and for each §, -neighbourhood U of x, UNA€ $=p(X). So
A (8,,0(X) = 0. -

Proposition 7. Let (X,6,,9) be a hereditary u-proximity space and A c X. Then the following
hold.

(1) A" € c5,(4).

(2) x §,A" implies x5, A.

Proof.

(1) Let x € c5,(A). Then we have x@A, which implies that x <, X\A. So X\A is a §,-

neighbourhood of x such that A N (X\A4) = @ € $. Thus, we obtain x & A*.
(2) Let x5, A*. Then we obtain x 5HC5M(A) from (1). Since cs,, (A) is 6,-closed, we have x €

Cs,, (A). Thus, we get x5, A. i

The following example shows that the converse implication of Proposition 7(2) may not be true
in general.

Example 2. Let $ = {@,{b},{c}} be a hereditary class and § be a discrete proximity on X =
{a,b,c}. That is, A6B if and only if ANB # @ for A,B c X. § is also a u-proximity on X. Let
A ={a,c} c X. Then c6A, but c 5A* = {a}.

Lemma 3. Let (X,6,,9) be a hereditary u-proximity space and A € X. If G is a §,-open set and
GNAEH,thenGNA =0Q.
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Proof. Let G be a 6,-open set and assume to the contrary that G N A* # @. Then there exists x € X
such that x € G and x € A*. Since G is a §,-open set containing x, we get x <, G. Therefore, we
have GNA & $. O

Proposition 8. Let (X, 5, $) be a hereditary p-proximity space and A € X. Then A" is §,,-closed.

Proof. Letx ¢ A*. Then there exists a §,-neighbourhood V of x such that V N A € §. Since V is a
6,-neighbourhood of x, it is also a 7(8,)-neighbourhood of x. This implies that there exists a 6,,-
open set G containing x such that G € V. So we have G N A € . By Lemma 3, we obtain G N A* =
@. Thus, we get x@A*. Hence A is §,,-closed. i

Proposition 9. Let (X,6,,9) be a hereditary p-proximity space and A € X. Then A c A* if and
only if A" = ¢, (4).

Proof. Necessity: Assume that A € A*. From Proposition 7(1) we have A* C Cs,, (A4). Suppose that
x & A*. From Proposition 8 we get x §,A". By hypothesis, x §,A. Thus, x ¢ Cgu(A). So we have
¢5,(A) c A"

Sufficiency: Let A* = ¢, (A) and x & A*. Thus, x & Cs,, (A) implies x 6,A. Therefore, we have
x <, X \A. Hence {x} € X \A, that is x & A. 0

Proposition 10. Let (X, 5,, $) be a hereditary p-proximity space and A c X. If A is §,-closed, then
AT C A.

Proof. Let A be 6,-closed and x & A. Then x <, X\A. Since AN (X\A) =0 € H, we have x ¢
A", O
The following corollary follows from Proposition 8 and Proposition 10.

Corollary 1. Let (X, 8, ) be a hereditary p-proximity space and A € X. Then (A*)* € A™.

Theorem 3. Let (X, ) be a normal generalised topological space and A, B € X. Then the relation
6, on X given by

AS;'B if and only if ¢, (A) N ¢, (B) # @
defines a y-proximity.

Proof.

(1) A6} B ifand only if BS,*A.

(2) Suppose that A§;’B,A c C and B c D. Since A5, B, then ¢, (A) N ¢, (B) # @. This implies
c,(C)Nnc, (D) # @. Thus, C6;D.

(3) Since {x} © ¢, ({x}) for each x € X, we have {x}5,{x}.

(4) Assume that AﬁB. Thus, ¢ ,(A) N c,(B) = @. Since (X, ) is a normal GTS, there exist
two u-open sets G and G’ such that ¢ ,(4) € G,c ,(B) € G'and G N G’ = @. Therefore, we
have ¢ ,(A) N ¢, (X\G) = ® and ¢ ,(B) N ¢ ,(X\G') = @. If we take E = G, then AS}E
and Bﬁ(X\E). i

The following example shows that the converse implication of Proposition 10 may not be true in
general.
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Example 3. LetX = {a,b,c,d}, u ={0,X,{a, b}, {b,c},{a,b,c}}, 9 ={D,{a}, {b},{c},{a, b}} and

A = {a, b}. Consider u-proximity §,* in Theorem 3. It is obvious that (X, u) is normal GTS. Then
A*(6)) = @ < Abut A is not §,*-closed.

Proposition 11. Let (X, §,, $) be a hereditary p-proximity space and A € X. Then (A U A™)* c A”.

Proof. Letx & A*. There exists a §,-neighbourhood V of x such that V. N A € $. Then there exists
a 6,-open set G containing x such that G c V. Then GNA€ H. By Lemma 3, GNA"=0.
Therefore, G N(AUA*) =GNAEH. Since G is also a §,-neighbourhood of x, we have x ¢
(Au A"~ m
Theorem 4. Let (X,u) be a p-proximity space with strongly u-codense hereditary class $
according to GT u = 7(5,) and @ # A c X. Then

(1) If A is 6,-open, A c A™.

(2) If Ais 6,-open, A & .

Proof.

(1) Let A be 6,-open and x & A*. Then there exists a §,-neighbourhood V of x such that V' N
A€$H.Vis also a 1(6,)-neighbourhood of x. Therefore, there exists a §,-open set G
containing x such that G € V. So we have G N A € $. Since © is strongly u-codense, we
obtain G N A = @ and since x € G, it follows that x & A.

(2) Let A be (Sﬂ-open. Assume that A € §. From (1) and Proposition 3 (2), we have A = @. This

contradicts our hypothesis. So A € . O

Theorem 4 may not be true in general if § is not a strongly u-codense hereditary class. The
following example verifies this fact.

Example 4. Consider Example 2. $ is not a strongly u-codense hereditary class according to GT
u=1(6) = $(X). Therefore, AL A* = {a} and B €  although A = {a,c} and B = {c} are §-
open.

The following corollary follows from Proposition 7(2) and Theorem 4(1).
Corollary 2. Let (X,6,) be a u-proximity space with strongly u-codense hereditary class $ and A
be a §,-open subset of X. Then x §,A" if and only if x5, A.
NEW u-PROXIMITY GENERATED BY czﬂ

In this last section we prove the main theorems on our new p-proximity space.

Theorem 5. Let (X,5,,9) be a hereditary u-proximity space and A € X. Then the operator
cgﬂ (A) = AU A" satisfies the following conditions.

(H)Ac CSM(A).

(2) A c B implies cgﬂ(A) c ch(B).

(3) c3, (c5,(A)) = ¢, (A).

@) ¢, (A) < c5, (A).
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Proof.
(1) It is obvious.
(2) Let A € B. Then ch(A) =AUA"CBUB = ch(B).

(3) Since A c’gﬂ(A), we have cgﬂ(A) c cgﬂ(c;H(A)) by (2). For the other inclusion, we have
¢, (ch(A)) = ¢;,(AUA") = (AUA") U(AUA) € (AUA")UA" =cj,(A) by Proposition
1.

(4) Letx € c}M(A). If x € A, then x6,A implies x € c(gM(A). Ifx € A", then x € c(gu(A) from

Proposition 7. 0
The following remark follows from Lemma 2.

Remark 2. Let (X,6,,9) be a hereditary u-proximity space and A  X. Then
() If$ = (9}, ¢, (A) = c5,(A).
2) IfH = pX), c’gu(A) = A.
Theorem 6. Let (X,6,,9) be a hereditary p-proximity space and A, B € X. Then the relation §,,

which is defined by
AS;B ifand only if A N c}M(B) * 0

is a quasi p-proximity on X. Moreover, it is finer than §,,.

Proof.
(1) Let A§;B, A c C and B c D. Since A§,;B, we have A N c}M(B) #@. NowAc Cand B c

D imply C N CBM(D) # Q. Thus, C5,,D.
(2) Since {x} c c’gﬂ({x}), we obtain {x} N c’gﬂ ({x}) = {x} # @. Thus, x4, x for each x € X.
(3) Let A5;B. Then Ancjs (B) =@. Assume C = cj (B). Thus, Ancs (C) =@ implies
A8;C. Also,(X\O)N c5,(B) = @ implies (X\ C)8,;B.
Hence 8 is a quasi pu-proximity. Let AG,B. Then A N c5, (B) # @ implies ¢5,(4) N c5,(B) #
@. Thus, we have A8, B by Lemma 1. So §,, is finer than §,,. i

Theorem 7. Let (X,6,,9) be a hereditary p-proximity space and A, B € X. Then the following
hold.

(1) A*(6, D) € A"(6, D).

(2) If A is - closed, it is also §,-closed.

(3) 65, (A) = c5,(A).

Proof.

(1) Itis clear since §, < 6.

(2) Let A be 6,-closed and x6,A. Since 6, < 6,, we have x6,A. This implies by hypothesis
that x € A. Thus, A is also §,,-closed.

(3) Letx € c’gﬂ (A). Then we have {x} N c’gﬂ (A) # @. By Theorem 6, we get x5, A. Thus, we

obtain x € cg;, (A). So cj, (4) c ¢s,(A). The other inclusion is proved in a similar way. O
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The following example shows that the converse implication of Theorem 7(2) is not true.

Example 5. Consider Example 3. Then A is §;' -closed but it is not &, -closed.
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