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Abstract: Most real-life optimisation problems involve multiple objective functions.
Finding a solution that satisfies the decision-maker is very difficult owing to conflict
between the objectives. Furthermore, the solution depends on the decision-maker’s
preference. Metaheuristic solution methods have become common tools to solve these
problems. The task of obtaining solutions that take account of a decision-maker’s
preference is at the forefront of current research. It is also possible to have multiple
decision-makers with different preferences and with different decision-making powers. It
may not be easy to express a preference using crisp numbers. In this study, the preferences
of multiple decision-makers were simulated and a solution based on a genetic algorithm
was developed to solve multi-objective optimisation problems. The preferences were
collected as fuzzy conditional trade-offs and they were updated while running the
algorithm interactively with the decision-makers. The proposed method was tested using
well-known benchmark problems. The solutions were found to converge around the
Pareto front of the problems.

Keywords: multi-objective optimisation, multiple decision-makers, fuzzy preference,
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INTRODUCTION

A decision has to be made when there are a set of possible actions to choose from in order to
optimise an objective or objectives. Decision-making is involved in almost all human experience. One
can compare the outcome of a decision in order to choose from a set of possible actions. An action
that yields the optimal outcome will be the best action to choose. An optimisation focuses on finding
the best action for a given objective function or functions. If the number of objective functions is
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more than one, then the problem is called a multi-objective optimisation problem; otherwise, it is
called a single-objective optimisation problem. Multi-objective optimisation problems are
encountered in many real-life applications. They usually have conflicting objectives, such as
maximising profit while improving the quality of the products. Hence, the solution to such problems
involves a compromise between the objectives; this idea is known as the Pareto optimal solution after
the Italian economist Vilfredo Pareto (1848-1923) [1]. A point in the feasible region for a multi-
objective optimisation problem is said to be the Pareto optimal solution if it is not possible to find
another feasible point which performs at least the same in all the objective functions and better in one
or more of the objective functions [1]. There are usually many Pareto optimal solutions for a multi-
objective optimisation problem. Choosing one from a set of Pareto solutions depends on the
preference of the decision-maker. Ordering the objectives and trade-oft are among the well-known
and frequently used ways of expressing the preference of a decision-maker [2]. The trade-off can be
expressed using fuzzy or crisp numbers. This preference helps to identify solutions according to the
subjective judgment of the decision-maker [3].

Metaheuristic algorithms are useful in solving optimisation problems. Unlike classical
approaches, these algorithms are not greatly affected by the behaviour of the problem. As a result,
they have been widely used, especially in difficult optimisation problems. Although these algorithms
do not guarantee optimality, they have been tested and proven to yield reasonable solutions [4].
Metaheuristic algorithms, especially genetic algorithms, have been used to solve many real problems
formulated as multi-objective optimisation problems [5]. In a review paper, Coello [5] not only
reviewed research trends in evolutionary algorithms for multi-objective optimisation problems, but
also recommended further study on preference incorporation. Some studies of incorporating a
decision-maker’s preference involved the ranking of the objective functions [6, 7], which
unfortunately lacks uniformity. Other studies involved the fuzzy trade-off of the decision-maker [8,
9] but did not consider situations involving multiple decision-makers or those where the trade-off
varied from point to point in the feasible set. The impact of hedges, which uses a fuzzy trade-off as a
preference, on fuzzy preferences has also not been dealt with in the previous papers. In many real-life
problems, there may be multiple decision-makers with different decision-making powers [10].

In this paper, we introduce a genetic algorithm capable of embedding the fuzzy preferences of
multiple decision-makers with different decision-making powers and solving multi-objective
optimisation problems interactively. First, the fuzzy trade-off of each decision-maker is determined.
From these trade-offs, a fuzzy weight for each decision-maker is constructed according to the
randomly generated initial solutions. These solutions are incorporated in the fitness evaluation stage
of the genetic algorithm by generating an appropriate probability density function. The probability
density functions are constructed in such a way that they agree with the corresponding membership
function of the fuzzy preferences and also with the hedges. After a specified number of iterations of
the algorithm and depending on the solution at hand, a new preference is obtained, and the iteration
is continued until a reasonable solution is achieved.
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PRELIMINARIES
Multi-objective Optimisation

A multi-objective minimisation problem can be written as:

min F() = (). L fi () (1)

The problem is to find x* in the feasible set S that yields a minimum value for the £ objective
functions f’s, where i= 1, 2,...,k. Usually, a conflict exists between the objective functions.
Minimising one of the objective functions after some limits will lead to an increase in the value of the
other objective functions.

Metaheuristic solution methods have become common in solving these type of problems. For
instance, the evolutionary algorithm has been used in different studies [9, 11-13]. Although these
solution methods do not guarantee optimality, they generate sound and acceptable solutions. These
solution methods yield multiple solutions within a single run, in contrast to the classical solution
methods, which rely on the conversion of multi-objective optimisation problems into single- objective
optimisation problems, for example, the weighting method [14], Benson’s method [14], the utility
function method [3] and the lexicographic method [14, 15]. Choosing the best solution among a
given set of solutions depends on the preference of the decision-maker. As stated by Coello [5],
incorporating the decision-maker’s preference is an important issue requiring further exploration.

Fuzzy Preference

A preference is a way to express the subjective judgment of the decision-maker. One
commonly used way of determining preferences is using trade-offs. A conditional trade-off of
objective j for a unit decrease of objective 7 at a given point, (v, y2, ..., Vi ...V} ....Vk), 1S b, meaning
that the decision-maker is indifferent between (v, v ..., Vi....Vp...vo) and (v, v, ..., -1,
.,y tb,...yr). This trade-off depends on the value (y;, y», ..., ¥i....V; ....»x). If we ask the decision-
maker to make a trade-off from another point, it is possible to obtain another trade-off number
different from b. Although it is common to use trade-off preference, it is not an easy task for the
decision-maker. However, if the decision-maker is allowed the flexibility of assigning a trade-off
fuzzily, it will make the task easier. This means that for a unit decrease of objective 7, the decision-
maker is willing to give around b units of objective j, yielding:

(yl, Vs wees yl.,...,yj,....yk)~(yl, Vas wees yl.—l,...,yj+t,....yk), fort<b+d. (2)

The symbol ~ in equation (2) indicates equivalency. As ¢ becomes larger, the degree of
acceptability or the equivalency continues to decrease and becomes unacceptable after exceeding
some limit, e.g. after t = b + d. If d is defined as the width of the fuzzy interval and b as the average
trade-off, it is possible to consider this acceptability of preference as a function of 7 as a membership
function in the fuzzy set theory with ¢ as a fuzzy number [16]. So, ‘acceptable’ has the membership
value 1 and ‘unacceptable’ has the membership value 0. Generally, the values for the membership
function, z(¢), which is between 0 and 1, should agree with the degree of acceptability, as shown in
Figure 1.
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Figure 1. Fuzzy trade-off

Suppose that for the objective functions fi(x) and fi(x) with different i and j, the average
trade-oft given by the decision-maker is (b;) and the average width is (d;). Hence, we have two
matrices: B = (b;) and D = (dj). It is meaningless to compute the trade-off of the i" function for a
unit decrease of the i function itself, Instead, we use b; = 0 and d; = 0. From B, it is possible to
calculate the average weight, a weight with a high degree of acceptability, as follows:

P = (3)

B=|" 4)

b
where B is the average weight for the & objective functions.
It is also possible to compute the average normalised fuzzy width as follows:

k
2.
i#p
k-1 (5)
k
2.
d — — i=1
p k kK
%4, 224
k| =1 i=1 j=1
i:zl J#i 1
d,
d,
_ | (6)
D=
d

where D is the normalised average fuzzy width.
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For each function fi(x), the fuzzy weight, b, is around the corresponding average weight with

some degree of acceptability, as shown Figure 2.

Degree of y(w)
acceptability

b w

Trade-off

ol
¥
al

Figure 2. Fuzzy weight (where b stands for average weight of any of the objective functions, bi's,
and d is average width of any of the objective functions, d.'s)

Furthermore, the decision-maker may use hedges. Hedges are terms that modify the shape of

the membership function of fuzzy sets. These include words such as very, somewhat, more or less,

and slightly. The hedges, together with their graphical representations for our minimisation problem,

are given in Table 1 and based on Negnevitsky [16].

Table 1. Graphical and functional representations of hedges for minimising the fuzzy trade-off

Hedges The shape function (mathematical Graphical
representation) representation
A little hl[//le (W) = (y(w))l3 1
0 b w b+
Slightly g (W)= (y(w))”
0 w  bid
1
Very hey ()= (y(w))
o b w b
Extremely Peremers (W) = (y (W))3 1
0 + —
b w bt
Very very Py vory (W) = (y(w))4
0 b w b
More or less Posre o s (W)= (¥ (W))m 1
0 = —
bh w b+
Somewhat Rt (W) = (y (W))m 1
0 5 w b
Indeed 2y (W)if 0 < p(w) 0.5 '
hindeed(w) - 2 -
1-2(1- y(w)%,if 0.5 < y(m) <1 |
b w b

Note: y(w) is the straight line joining (b,1) and (b+d, 0)
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If hj(w) is the mathematical representation of the hedge, when one collects the fuzzy
conditional trade-oftf of f; for a unit decrease of f;, then A, (w) can be any of the functional
representations of the hedges in Table (1). If no hedges are used, then /;(w)=y(w), which will be
linear. Hence, there will be a matrix of functions, H(w) = (h;(w)):

Iy (w) hy(w) - By (w)
hy(w) oo (W)

H: R SRR Hwy =] ‘ (7)
ho(w) . . . hy(w)

If h:(w) 1s taken as the identity mapping for all i, it is possible to combine the given shape
functions from the given hedges to obtain the average shape functions as follows:

k
Zh,n(w>
I, (W) ==, ()
ZZ/@ (w)
Jj=1 i=l
and where
h(w)
hy(w)
] . ©)
(w)= is the average shape function.
B (w)

Hence, Z(w) determines the shape of the fuzzy membership function for the p” objective

function with average weight IZ and average fuzzy width d_p

Genetic Algorithm

Heuristic algorithms have become useful for dealing with a wide range of problems [17-19].
Based on the evolutionary ideas of natural selection, genetic algorithms are a type of adaptive
metaheuristic search algorithms used to find a solution to optimisation problems. The genetic
algorithm used in this study is an evolutionary algorithm in which an initial set of solutions are
generated. According to the fitness of the solutions, a selection is performed via crossover and
mutation in order to construct a new population. The old population is updated by the fittest
members, and the same process is continued until the termination criterion is fulfilled. The
termination criterion can be the maximum number of generations (fixed number of iterations) or the
stage when there is no more improvement in the fitness [20]. A flow chart for a genetic algorithm is
given in Figure 3.
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Figure 3. Flow chart of a genetic algorithm

MULTIPLE-PREFERENCE-INCORPORATED GENETIC ALGORITHM

Suppose there are m decision-makers, DM,;, DM,, . . ., DM,,, with a specified authoritarian
hierarchy dictating their preferences. DM, has the most authority and the level of authority decreases
from DM, to DM,,. It is possible to assign a weight that describes the authority level of the decision-
makers. One possible way to do this is to arrange the level of authority and assign a number which
describes the level. We call it a vote. Let a vote be a numerical value which represents the degree of
influence of the decision-maker in having his/her preference accepted. A decision-maker with a high
level of authority will have a higher vote. When v; represents the vote of DM; it is possible to
construct a weight, ¢, for the decision-makers’ preferences from the votes as follows:

c = Vi ,ie{l,2,..,m} (10)

1
Z"j

m
J=

Suppose a decision-maker can give a cumulative fuzzy preference by looking at a set of
feasible solutions. After using the fuzzy preference of each decision-maker to construct the average
weight matrix, the average width matrix and the average fuzzy shape function for all decision-
makers, it is possible to construct a total cumulative weight, W, a total cumulative width, R, and a
cumulative shape function, g(x), by combining B, D and Z(x) using the weights for the decision-

makers.

For each decision-maker DM;, we have:
¥, d, Iy ()
¥, &, Iy

and -
n(w)=

% |
I
|
I

b, d, K, (W)
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& 7
;;ctd]
;/i 1 m —_—
1 v, ;;C}d’z (12)
R=— D’ Tl =
m;c’ - .
rk m —_—
s cd',
ml:]
1 &
— > c.h'(w)
m,':
g | o
g,(w) chihlz(w)
i=1
- = | (13)
g ==Y cli(w) = S
m,-:l .
g, (w) (& —
=D ¢l (w)
m i

Once we have the total cumulative weight, width and shape function, it is possible to
incorporate these parameters in the fitness evaluation step of the genetic algorithm by generating a
dynamic weight from the given preference and taking the weighted sum of the objective functions.
To generate a random weight that satisfies the given cumulative preference, it is necessary to specify
an appropriate probability density function for each dynamic weight, g{w) fori € {1, 2, .. ., k}, in
such a way that a number with high acceptability needs to have a high probability, as shown in Figure
2. For instance, suppose no hedges are used, let the straight line joining (V_Vi, 1) and (v_v,- + 7, 0) be

gw)y=pw+gq;fori e {1,2,...,k}, for some p; and g;. It is necessary to generate a random weight
under the shape function with a high probability near w,. For such purpose, it is possible to use a
sampling method. To make the curve a probability density function, the area under the curve needs
to be 1. To do so, it may be necessary to adjust the end points of the curve. Suppose it passes
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through (y,. v) and (w; + ., 0), where y is an arbitrary number that is determined by setting the area
g % s y y

under the curve to 1:

Wi+1;

Area = j g(wydw=1

Furthermore, g, (wi + r.)=0. Hence, gi(w) will be:

2w, 20w +r .
gi(w)z e L+ ( ;] ’), for all . (14)

1 1

In other words, w; is a random variable with the probability density function gi(w). In a genetic
algorithm, it is possible to incorporate this fuzzy preference and zoom to the area in the outcome
space according to the cumulative fuzzy preference. To do that, we construct the fitness function in
each iteration, j, by taking the weighted sum of the objective functions:

Fitness function = ﬁwi N fi(x) (15)

i=1
where w,(j)is the weight of f, at iteration ;.

The conditional fuzzy trade-off depends on the current value of the objective functions. Thus,
it is necessary to return to the decision-makers after a number of iterations of the algorithm to
determine whether a reasonable solution has been achieved. If the decision-makers are not satisfied
with the solution, the preference will be updated by generating new preferences and rerunning the
algorithm with new cumulative fuzzy preferences. Hence, the fuzzy weight may vary in the process
until the decision-makers are satisfied with the solution or no further improvements can be made.
This means that the algorithm will run interactively with the decision-makers until a termination
criterion is fulfilled. The preference-incorporated interactive algorithm can be generalised as follows:

Initial step: set the parameter and the initial inputs as:
Si(x), xeR", jell,2,.., k}are the objective functions,
S is the feasibility condition,
P and P, are the probability of crossover and mutation
and ¢, is the vote of the decision-makers.
Main step:
1. x,,ie{l,2,..,m}, - generate the initial population and obtain a cumulative fuzzy
preference from the DMs, depending on x;’s.
2. g (w) , - construct a probability density function for the weight of each objective function

using¢; and the cumulative fuzzy preference.

3. children =, - setthe children set empty
for =1 to the number of the generation
parent ={x,,i€{l,2,...,m}}

(3.1) For the fitness function construction
w, je{l,2,...k} , generate a weight for the objective functions using the

probability density functiong, (w).




233
Maejo Int. J. Sci. Technol. 2012, 6(02), 224-237

fun, = iwjfj (x,) i€{l,2,...,m}>" dynamic fitness function
j=1

(3.2) Choose x,' and x," for crossover and mutation with the probability related to
the fitness.
(3.3) Apply crossover and mutation with the probability P and P, , on x;' and x, "to

obtain y,' and y,".
children=children U{y,',y,"'} , and update the set children.

If the number of elements in children < m, then return to step (3.2).
(3.4) Choose and set the fittest members as parents from children U parents
end.
4. If the decision-makers are satisfied with the solution, stop; otherwise, update the preference
and go back to step (2).

EXPERIMENTAL RESULTS

Simulations using Matlab were carried out on five bi-objective optimisation problems, as in
equation (16), with different Pareto fronts and different objective functions, f;’s. The preferences
were changed twice. In all the tests, the probability of crossover and mutation were taken to be 0.9
and 0.2 respectively. Forty initial solutions were generated for all the simulations.

_min F(0) = (). /,(x) (16)

The results of the simulations are presented below:

1. The first optimisation problem, given in equation (17), exhibited a convex Pareto front. The total
average weight and width were changed once and the shape functions were linear. The total
average weight and width were 0.6 and 0.15 respectively for the first objective function, and 0.5
and 0.2 respectively for the second. After 15 iterations, the parameters were changed to 0.3 and
0.15 for the first test function and 0.8 and 0.2 for the second respectively. The iteration number

was taken to be 15 before and 15 after the change of preference. The results are shown in Figure
4.

£ :%ixf () :%i(xl. —2.0) and S = {(x,,x,) e R |~1<x,x, <1} (17)

T o

1200

. , \ . . \ . N . . . . . . !
0 01 02 03 04 05 06 07 08 08 1 0 01 02 03 04 05 06 OF 08 08 1
(x) 100

(@) ()
Figure 4. The outcome space for the first test problem: (a) with the population generated initially;
(b) at the end of the algorithm
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2. The second test problem exhibited a discontinuous Pareto front as shown in equation (18). The
axis parallel to the hyper-ellipsoid function of the first objective function was negative, and the
second objective function was a Rastrigin’s function, with » = 2. The preferences were the same
as in the first simulation, with the same number of iterations and shape functions. The number of
iterations was 15 before and 15 after the change in the preferences. The results are shown in
Figure 5.

fi0)==(2x"+x),
£,(x)=20+x"-10cos(27x,) +x,” —10cos(27x,)
and —5<x,,x, <5.

(18)

Figure 5. The outcome space for the second test problem: (a) with the population generated
initially; (b) at the end of the algorithm

3. Here, the test problem had a point Pareto front. The first objective function was the first function
of De Jong’s, with n = 2, as shown in equation (19). The preferences were changed once with the
same value used as in the previous cases, as well as the same shape functions and the same
number of iterations. The results are shown in Figure 6.

fi(x)=x"+x7, fo(x) = x, | +|3x,|and 0< x,,x, <1 (19)

1

4

()

() ()
Figure 6. The outcome space for the third test problem: (a) with the population generated initially;
(b) at the end of the algorithm
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4. The fourth test problem exhibited a concave and convex Pareto front. The first objective function
was a linear function (an identity function) as given in equation (20). The total average weight and
width were 0.4 and 0.1 for the first objective functions, and 0.5 and 0.1 for the second
respectively. These were changed after 15 iterations to 0.3 and 0.1 for the first objective
functions, and 0.7 and 0.15 for the second respectively, with the shape functions left as a straight
line. After changing the preferences, 15 iterations were performed. The results are shown in

0 ' 02 03 04 I:IE 06
f

o7

Figure 7.
X % X, 4
fl(x):xl,fz(x):(1+9x2) 1—( )4 —( )" land 0 < x,,x, <1. (20)
1+9x, 14+9x,
1 |l | i :‘. 3 | i 1 Il
e .. ™ . .~ |
05 . +| 05
2 |

o o1 02 03
1(x)

L
04 05 D6 OF 08 09

3) (1)
Figure 7. The outcome space for the fourth test problem: (a) with the population generated initially;
(b) at the end of the algorithm

5. The last test problem showed a concave Pareto front as presented in equation (21). Fifteen
iterations were performed before and after changing the preferences. The preferences and the
shape functions were the same as in the previous case (test problem 4). The results are shown in
Figure 8.

Si(x)=x, fz(x)=(1+9x2)[1—($)2]andOS)cl,x2 <L

05k ol 05
.

21)

]

£2()

0

! L L I I . L L L L L L L L L L L
02 03 04 05 0B 07 08 08 1 1) 01 02 03 04 05 0B 07 08 089 1
1) )

—
] L

Figure 8. The outcome space for the fifth test problem: (a) with the population generated initially;
(b) at the end of the algorithm

From the simulation results, one can see that the fuzzy preference incorporating an interactive
genetic algorithm in this study is in agreement with the given preferences. When high preference is
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placed on the first objective function, f;, the points move to the left; when preference for the
objective function 2, /5, is higher, the points move to the right.

CONCLUSIONS

Solving multi-objective optimisation problems using a genetic algorithm with varying fuzzy
preferences of multiple decision-makers was discussed and demonstrated. The fuzzy trade-off
preference of each decision-maker was determined from initially generated solutions. These
preferences were combined so that fuzzy weights could be constructed according to the fuzzy trade-
offs of the decision-makers. Using the vote, a numerical value, of each decision-maker in having
his/her preference accepted, a cumulative fuzzy weight vector of dimension k£ was constructed. The
cumulative fuzzy weight was then expressed using the probability density function, which was in
agreement with the membership function and with the hedges given, if any. These cumulative
weights were then incorporated with the genetic algorithm, specifically in the fitness evaluation
stage. This interactive method was tested on five selected bi-objective optimisation problems with
different Pareto fronts and properties. Based on the simulation, it is clear that the algorithm yields a
solution along the Pareto front that is in agreement with the given preference.
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