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Abstract: A pair of mixed non-differentiable second-order symmetric dual programmes 
over cones is considered. Weak, strong and converse duality theorems are established 
under second-order ),( F  convexity/pseudo-convexity assumptions. Special cases are 
also discussed to show that this paper extends some known results in the literature. 
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________________________________________________________________________________ 
 
INTRODUCTION 
 

The study of symmetric duality for non-linear problems is well developed by many 
researchers, notably Dantzig et al. [1], Mond [2], Bazaraa and Goode [3], and Mond and Weir [4]. 
Mangasarian [5] was the first to identify second-order dual formulations for the non-linear 
programmes. Wolfe type second-order symmetric duality has been discussed by Ahmad and Husain 
[6] and Yang et al. [7] for single-objective non-differentiable functions, and by Yang et al. [8] and 
Ahmad and Husain [9] for multi-objective programming problems. The duality results for a pair of 
Mond-Weir type second-order multi-objective symmetric dual programmes have been considered by 
Suneja et al. [10] under  -bonvexity/ -pseudo-bonvexity assumptions. Ahmad and Husain [9, 11], 
Khurana [12], Mishra and Lai [13], and Padhan and Nahak [14] studied symmetric duality over 
arbitrary cones. 

Bector et al. [15] and Yang et al. [16] formulated mixed symmetric dual models for multi-
objective differentiable and single-objective non-differentiable programming problems respectively. 
Ahmad [17] introduced a mixed-type symmetric duality in multi-objective programming problems, 
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ignoring non-negativity restrictions of Bector et al. [15]. Recently, Ahmad and Husain [11] studied 
duality results for a pair of multi-objective mixed symmetric dual programmes over arbitrary cones 
under K-preinvexity/K-pseudo-invexity assumptions. Li and Gao [18] obtained duality relations for a 
mixed symmetric dual model in non-differentiable multi-objective non-linear programming problems 
involving generalised convex functions. Recently, Gupta and Kailey [19] formulated a second-order 
mixed symmetric dual programme for a class of non-differentiable multi-objective programming 
problems and proved usual duality results under second-order F-convexity/pseudo-convexity 
assumptions. 

In this paper, we formulate a pair of mixed non-differentiable second-order symmetric dual 
programmes over arbitrary cones. Weak, strong and converse duality results are proved under 
second-order ),( F  convexity/pseudo-convexity assumptions. Several known results are obtained 
as special cases. 
 
NOTATIONS AND PRELIMINARIES 
 
Definition 1 [11, 12, 20]. Let C  be a closed convex cone in nR  with non-empty interior. The 
positive polar cone *C  of C  is defined as 
 

*                                 = { : 0, for all }.TC z x z x C   
 
Now we consider a sub-linear functional  : RRXXF n   (where nRX  ).   
Definition 2. A twicely differentiable function RX : is said to be second-order ),( F  convex 
at Xu , if there exists a real-value function  RXXd :  and a real number ,  such that for all 

nRq  and Xx ,  
  ).,()()(;,)(

2
1)()( 2 uxdquuuxFququx xxxxx

T    
 
Definition 3. A twicely differentiable function RX : is said to be second-order ),( F  pseudo-
convex at Xu , if there exists a real-value function RXXd :  and a real number ,  such that 
for all nRq  and Xx ,  

  21, ; ( ) ( ) 0 ( ) ( ) ( ) ( , ).
2

T
x xx xxF x u u u q x u q u q d x u              

 
Generalised Schwartz Inequality 
 
 The following generalised schwartz inequality shall be made use of: 
 

,)()( 2
1

2
1

AmmAllAml TTT    
where ,, nRml   and nn RRA   is a positive semi-definite matrix. Equality holds if for some 0 , 

AmAl = . 
 
PROBLEM FORMULATION 

 
 For },{1,2,= nN   and },,{1,2,= mM   let MKNJ  11 , , 12 \= JNJ  and 

.\= 12 KMK  Let || 1J  denote the number of elements in 1J . The other symbols, |||,| 12 KJ  and 

|| 2K , are defined similarly. Let | | | |1 21 2and .J Jx R x R   Then any nRx  can be written as ).,( 21 xx  
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Similarly for | | | |1 21 2and ,K K my R y R y R    can be written as ).,( 21 yy  It may be noted here that if 

=1J , then NJJ =0,|=| 21  and therefore nJ |=| 2 . In this case, |2||1| , JJ RR  and |1||1| KJ RR   will be 
zero-dimensional, n-dimensional and || 1K -dimensional Euclidean spaces respectively. Similarly we 
can describe the cases  =,= 12 KJ  or =2K . Let 1C , 2C , 3C  and 4C  be closed convex cones 

with non-empty interiors in |1|JR , |2|JR , |1|KR  and | |2KR respectively.  
Now,  consider the following pair of mixed second-order symmetric dual programs: 
 

 Primal Problem (SMP) 
 

Minimise 2
1

2
2

2222
1

1
1

11122211 ))((),())((),(=),,,,,,( xDxyxgxDxyxfrpzyxyxL TT   
 

             pyxfppyxfyxfyzEy
yy

T

yyy

TT ),(
2
1]),(),([)()( 11

11
11

11
11

1
12

2
2   

 

,),(
2
1                   22

22 ryxgr
yy

T  
 
subject to  
 ,]),(),([ *

3
11

11
1

1
11

1 CpyxfzEyxf
yyy

  (1) 
  

 ,]),(),([ *
4

22
22

2
2

22
2 CryxgzEyxg

yyy
  (2) 

  
 0,]),(),([)( 22

22
2

2
22

2
2  ryxgzEyxgy

yyy

T  (3) 
  

 1,)( 1
1

1 zEz T  (4) 
  

 1,)( 2
2

2 zEz T  (5) 
  

 . , 2
2

1
1 CxCx   (6) 

 
Dual Problem (SMD) 

 

Maximise 2
1

2
2

2222
1

1
1

11122211 ))((),())((),(=),,,,,,( vEvvugvEvvufsqwvuvuM TT   
 

             qvufqqvufvufuwDu
xx

T

xxx

TT ),(
2
1]),(),([)()( 11

11
11

11
11

1
12

2
2   

 
,),(

2
1                   22

22 svugs
xx

T  
 
subject to  
 ,),(),( *

1
11

11
1

1
11

1 CqvufwDvuf
xxx

  (7) 
  

 ,),(),( *
2

22
22

2
2

22
2 CsvugwDvug

xxx
  (8) 

  
 0,]),(),([)( 22

22
2

2
22

2
2  svugwDvugu

xxx
T  (9) 

  
 1,)( 1

1
1 wDw T  (10) 
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 1,)( 2

2
2 wDw T  (11) 

  
 . , 4

2
3

1 CvCv   (12) 

where   
   1.  RRRf KJ  |1||1|:  and RRRg KJ  |2||2|:  are differentiable functions,  

   2. D1, D2, E1 and E2 are positive semi-definite matrices in | | | | | | | | | | | |1 1 2 2 1 1, , J J J J K KR R R R R R      

        and |2||2| KK RR   respectively, and  
   3.  |1|1|2|2|1|1 , ,, ,, JKK RwqRzrRzp   and ., |2|2 JRws    
 

RESULTS AND DISCUSSION 
 
 In this section, we prove weak, strong and converse duality results for the dual pair, SMP and 
SMD, formulated above. 
 
Theorem 1 (Weak duality) 
  
 Let ),,,,,,,( 212211 rpzzyxyx  be feasible for (SMP) and ),,,,,,,( 212211 sqwwvuvu  be feasible 

for (SMD). Let the sublinear functionals RRRRF JJJ


|1||1||1|
1 :  , RRRRF KKK


|1||1||1|

2 :  , 

RRRRG JJJ


|2||2||2|
1 :   and RRRRG KKK


|2||2||2|

2 :   satisfy the following conditions: 
 

1 1 1 1 1 1 *
1 1( , ; ) ( ) 0,  for all ,                                                 ( )TF x u a a u a C A    

 
1 1 2 2 1 2 *

2 3( , ; ) ( ) 0,  for all ,                                                ( )TF v y a a y a C B    
 

2 2 1 1 2 1 *
1 2( , ; ) ( ) 0,  for all ,                                                 ( )TG x u b b u b C C    

 
2 2 2 2 2 2 *

2 4( , ; ) ( ) 0,  for all .                                                 ( )TG v y b b y b C D    
 

Further,  let  
(i) 1

1
1 (.))(., wDvf T  be second-order ),( 11 F  convex at 1u , and )(.),.)(( 1

1
1 zExf T  be second-

order ),( 22 F  convex at 1y ,  
(ii) 2

2
2 (.))(., wDvg T  be second-order ),( 11 G  pseudo-convex at 2u , and 2 2

2( ( ,.) (.) )Tg x E z   be   
second-order ),( 22 G  pseudo-convex at 2y ,  

(iii) either 0),(),( 112
22

112
11  yvduxd   or 0,, 21   and  

(iv) either 0),(),( 222
42

222
31  yvduxd   or 0, 21  .  

 
Then   

).,,,,,,(),,,,,,( 2221122211 sqwvuvuMrpzyxyxL   
  
Proof. By the second-order ),( 11 F  convexity of 1

1
1 (.))(., wDvf T  at 1u  and the second-order 

),( 22 F  convexity of )(.),.)(( 1
1

1 zExf T  at 1y , we have  

                        ),(
2
1)(),()(),( 11

11
1

11
111

11
11 qvufqwDuvufwDxvxf

xx

TTT   

         ),()),(),(;,( 112
11

11
11

1
1

11
1

11
1 uxdqvufwDvufuxF

xxx
  (13) 
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 and  

                          ),(
2
1)(),()(),( 11

11
1

1
1111

1
111 pyxfpzEvvxfzEyyxf

yy

TTT   

     ).,())),(),((;,( 112
22

11
11

1
1

11
1

11
2 yvdpyxfzEyxfyvF

yyy
  (14) 

 
 Adding the inequalities (13) and (14), we obtain  

 
                                   )()()()(),(),( 1

1
11

1
11

11
1

11
1111 zEvzEywDuwDxvufyxf TTTT   

 

   )),(),(;,(),(
2
1),(

2
1 11

11
1

1
11

1
11

1
11

11
11

11 qvufwDvufuxFpyxfpqvufq
xxxyy

T

xx

T   

     ).,(),())),(),((;,( 112
22

112
11

11
11

1
1

11
1

11
2 yvduxdpyxfzEyxfyvF

yyy
   (15) 

 
Since ),,,,,,,( 212211 rpzzyxyx  is feasible for primal problem (SMP) and ),,,,,,,( 212211 sqwwvuvu  is 
feasible for dual problem (SMD), by the dual constraint (7), the vector 

*
1

11
11

1
1

11
1

1 ),(),(= CqvufwDvufa
xxx

 , and so from the hypothesis )(A , we obtain  
 

0.)();,( 11111
1  uaauxF T                                                                                                        (16) 

  
Similarly,  
 

0,)();,( 12211
2  yaayvF T                                                                                                      (17) 

 
 for the vector *

3
11

11
1

1
11

1
2 ]),(),([= CpyxfzEyxfa

yyy
 . 

 
Using (16) and (17) and hypothesis )(iii  in (15), we have 

 
1

1
11

1
11

11
1

11
1111 )()()()(),(),( zEvzEywDuwDxvufyxf TTTT   

 

.)()(),(
2
1),(

2
1                                 211111

11
11

11 ayaupyxfpqvufq TT

yy

T

xx

T   
 

Substituting the values of 1a  and 2a , we get 
 

pyxfppyxfyxfywDxyxf
yy

T

yyy

TT ),(
2
1]),(),([)()(),( 11

11
11

11
11

1
11

1
111   

 
    .),(

2
1]),(),([)()(),(         11

11
11

11
11

1
11

1
111 qvufqqvufvufuzEvvuf

xx

T

xxx

TT   
 

Applying the Schwartz inequality and using (4) and (10), we have  

           ),(
2
1]),(),([)())((),( 11

11
11

11
11

1
12

1
1

1
111 pyxfppyxfyxfyxDxyxf

yy
T

yyy
TT 

    .),(
2
1]),(),([)())((),( 11

11
11

11
11

1
12

1
1

1
111 qvufqqvufvufuvEvvuf

xx
T

xxx
TT       (18) 

  
By hypothesis )(C  and the dual constraint (8), we obtain 

 
,]),(),([)()),(),(;,( 22

22
2

2
22

2
222

22
2

2
22

2
22

1 svugwDvugusvugwDvuguxG
xxx

T
xxx
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which on using the dual constraint (9) yields 
 

0.)),(),(;,( 22
22

2
2

22
2

22
1  svugwDvuguxG

xxx
 

 
Since 2

2
2 (.))(., wDvg T  is second-order ),( 11 G  pseudo-convex at 2u , we have  

 ).,(),(
2
1)(),()(),( 222

31
22

22
2

2
2222

2
222 uxdsvugswDuvugwDxvxg

xx

TTT   (19) 
 
 Similarly, from (2) and (3) and hypothesis ,)(D  along with second-order ),( 22 G  pseudo-convexity 
of )(.),.)(( 2

2
2 zExg T  at 2y , we get  

  
      ).,(),(

2
1)(),()(),( 222

42
22

22
2

2
2222

2
222 yvdryxgrzEvvxgzEyyxg

yy

TTT   (20) 
 
 Adding inequalities (19) and (20) and using hypothesis )(iv , we obtain 

 
ryxgrzEywDxyxg

yy

TTT ),(
2
1)()(),( 22

22
2

2
22

2
222   

 
            .),(

2
1)()(),(                                       22

22
2

2
22

2
222 svugszEvwDuvug

xx

TTT 
 
Applying the Schwartz inequality and using (5) and (11), we have  
 

                                           ),(
2
1)())((),( 22

22
2

2
22

1
2

2
222 ryxgrzEyxDxyxg

yy
TTT   

       .),(
2
1))(()(),( 22

22
2
1

2
2

22
2

222 svugsvEvwDuvug
xx

TTT   (21) 

 The expressions (18) and (21) together yield  

),([)()())((),())((),( 11
1

12
2

22
1

2
2

2222
1

1
1

111 yxfyzEyxDxyxgxDxyxf
y

TTTT   
 

2
1

1
1

11122
22

11
11

11
11 ))((),(),(

2
1),(

2
1]),( vEvvufryxgrpyxfppyxf T

yy
T

yy
T
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]),(),([)()())((),(     11
11

11
1

12
2

22
1

2
2

222 qvufvufuwDuvEvvug
xxx

TTT   
 

,),(
2
1),(

2
1               22

22
11

11 svugsqvufq
xx

T

xx

T   
 

that is, 
 

).,,,,,,(),,,,,,(                         2221122211 sqwvuvuMrpzyxyxL           
 
Theorem 2 (Weak duality) 
  
 Let ),,,,,,,( 212211 rpzzyxyx  be feasible for SMP and ),,,,,,,( 212211 sqwwvuvu  be feasible 

for SMD. Let the sub-linear functionals RRRRF JJJ


|1||1||1|
1 :  , RRRRF KKK


|1||1||1|

2 :  , 

RRRRG JJJ


|2||2||2|
1 :   and RRRRG KKK


|2||2||2|

2 :   satisfy the following conditions: 
 

1 1 1 1 1 1 *
1 1( , ; ) ( ) 0,  for all ,                                                 ( )TF x u a a u a C A    
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1 1 2 2 1 2 *

2 3( , ; ) ( ) 0,  for all ,                                                ( )TF v y a a y a C B    
 

2 2 1 1 2 1 *
1 2( , ; ) ( ) 0,  for all ,                                                 ( )TG x u b b u b C C    

 
2 2 2 2 2 2 *

2 4( , ; ) ( ) 0,  for all .                                                ( )TG v y b b y b C D    
 

Suppose that   
(i) 1

1
1 (.))(., wDvf T  is second-order ),( 11 F  convex at 1u , and )(.),.)(( 1

1
1 zExf T  is second-

order ),( 22 F  convex at 1y ,  
(ii) 2

2
2 (.))(., wDvg T  is second-order ),( 11 G  convex at 2u , and 2 2

2( ( ,.) (.) )Tg x E z   is second-
order ),( 22 G  convex at 2y ,  

(iii) either 0),(),( 112
22

112
11  yvduxd   or 0,, 21   and  

(iv) either 0),(),( 222
42

222
31  yvduxd   or 0, 21  .  

 
Then   

).,,,,,,(),,,,,,( 2221122211 sqwvuvuMrpzyxyxL   
 
 Proof. By the second-order ),( 11 F  convexity of 1

1
1 (.))(., wDvf T  at 1u  and the second-order 

),( 22 F  convexity of )(.),.)(( 1
1

1 zExf T  at 1y , we have 
  

                        ),(
2
1)(),()(),( 11

11
1

11
111

11
11 qvufqwDuvufwDxvxf

xx

TTT   

         ),()),(),(;,( 112
11

11
11

1
1

11
1

11
1 uxdqvufwDvufuxF

xxx
  (22) 

 and  

                          ),(
2
1)(),()(),( 11

11
1

1
1111

1
111 pyxfpzEvvxfzEyyxf

yy

TTT   

     ).,())),(),((;,( 112
22

11
11

1
1

11
1

11
2 yvdpyxfzEyxfyvF

yyy
  (23) 

  
Adding the inequalities (22) and (23), we obtain  

 
                                   )()()()(),(),( 1

1
11

1
11

11
1

11
1111 zEvzEywDuwDxvufyxf TTTT   

     

   )),(),(;,(),(
2
1),(

2
1 11

11
1

1
11

1
11

1
11

11
11

11 qvufwDvufuxFpyxfpqvufq
xxxyy

T

xx

T   
  

    ).,(),())),(),((;,( 112
22

112
11

11
11

1
1

11
1

11
2 yvduxdpyxfzEyxfyvF

yyy
   (24) 

 
Since ),,,,,,,( 212211 rpzzyxyx  is feasible for primal problem (SMP) and ),,,,,,,( 212211 sqwwvuvu  is 
feasible for dual problem (SMD), by the dual constraint (7), the vector 

*
1

11
11

1
1

11
1

1 ),(),(= CqvufwDvufa
xxx

 , and so from hypothesis )(A , we obtain  
  

0.)();,( 11111
1  uaauxF T                                                                                                      (25) 

 
Similarly,  
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0,)();,( 12211
2  yaayvF T                                           (26) 

 
 for the vector *

3
11

11
1

1
11

1
2 ]),(),([= CpyxfzEyxfa

yyy
 . 

 
Using (25) and (26) and hypothesis )(iii  in (24), we have 

 
1

1
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1
11
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1
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1111 )()()()(),(),( zEvzEywDuwDxvufyxf TTTT   

 

.)()(),(
2
1),(

2
1                                 211111
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11 ayaupyxfpqvufq TT

yy

T

xx
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Substituting the values of 1a  and 2a , we get 
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yy
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yyy
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2
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1
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1
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2
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1
111 qvufqqvufvufuzEvvuf
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T
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TT 
 
Applying the Schwartz inequality and using (4) and (10), we have  

 

           ),(
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1
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2
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1
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1
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1
111 qvufqqvufvufuvEvvuf
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T
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TT   (27) 

 
By second-order ),( 11 G  convexity of 2

2
2 (.))(., wDvg T  at 2u  and the second-order ),( 22 G  

convexity of 2 2
2( ( ,.) (.) )Tg x E z   at 2y , we have  

 
                           ),(

2
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2

2
2222

2
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2
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                           ),(
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2 2 2 2 2 2 2 2 2 2

2 2 2 2 2 2 4( , ; ( ( , ) ( , ) )) ( , ).    
y y y

G v y g x y E z g x y r d v y       (29) 
 
Adding the inequalities (28) and (29), we get  

 
                                    )()(),()()(),( 2

2
22

2
2222

2
22

2
222 zEvwDuvugzEywDxyxg TTTT   

  

)),(),(;,(),(
2
1),(

2
1 22

22
2

2
22

2
22

1
22

22
22

22 svugwDvuguxGryxgrsvugs
xxxyy

T

xx

T   
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42

222
31

22
22

2
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2
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2 yvduxdryxgzEyxgyvG

yyy
   (30) 

 
Since ),,,,,,,( 212211 rpzzyxyx  is feasible for primal problem (SMP) and ),,,,,,,( 212211 sqwwvuvu  is 
feasible for dual problem (SMD), by the dual constraint (8), the vector 

*
2

22
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2
2
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2

1 ),(),(= CsvugwDvugb
xxx

 , and so from hypothesis )(C , we obtain 
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which on using the dual constraint (9) yields  
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Similarly, from (2), (3) and hypothesis )(D , we have  
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Applying the Schwartz inequality and using (5) and (11), we have  
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 Inequalities (27) and (33) together yield 
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that is, 

                       ).,,,,,,(),,,,,,(                         2221122211 sqwvuvuMrpzyxyxL           
 

Theorem 3 (Strong duality)   
 
 Let RRRf KJ  |1||1|:  and RRRg KJ  |2||2|:  be differentiable functions and let 

),,,,,,,( 212211 rpzzyxyx  be a local optimal solution of SMP. Suppose that   
 (i) the matrix ),( 11

11 yxf
yy

  is non-singular,  

(ii)  22
22 , yxg

yy
  is positive definite and   0),( 2

2
22

2  zEyxgr
y

T  or  22
22 , yxg

yy
  is 

negative definite and   0),( 2
2

22
2  zEyxgr

y

T ,  

(iii) 0),(),( 22
22

2
2

22
2  ryxgzEyxg

yyy
, and  
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(iv) one of the matrices  1 1
1 1 11 ( , ) , = 1,2, ,| |,

y y
i

f x y i K
y





  is positive or negative definite.  

Then = 0,p = 0 andr there exist |1|1 JRw   and |2|2 JRw  such that 
0)=0,=,,,,,,( 212211 sqwwyxyx  is feasible for SMD and the objective function values of SMP and 

SMD are equal. Furthermore, if the assumptions of weak duality theorem (1 or 2) are satisfied for all 
feasible solutions of SMP and SMD, then ),,,,,,,( 212211 rpzzyxyx  and ),,,,,,,( 212211 sqwwyxyx  
are global optimal solutions for SMP and SMD respectively. 

 
Proof. Since ),,,,,,,( 212211 rpzzyxyx  is a local solution of SMP, there exist R , 3C , 

4C , R , R  and R  such that the following by Fritz John optimality conditions 
studied in Suneja et al. [20] and in Schechter [21] are satisfied at :),,,,,,,( 212211 rpzzyxyx   
 

                                             ),()),(({ 111
11

1
1

11
1 yyxfwDyxf

xyx

T    

  ,   0,)(]})
2
1([)),(( 1

111111
111 Cxxxpypyxf

yyx
   (34) 

  
                                             ),()),(({ 222
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2

2
22

2 yyxgwDyxg
xyx

T    

   ,   0,)(]}
2
1[)),(( 2

222222
222 Cxxxryryxg

yyx
   (35) 

  

     0,=])
2
1([)),((])()[,( 111

111
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11 pypyxfpyyxf
yyyyy

   (36) 
  

                                )]([),()),(( 222
22

2
2

22
2 ryyxgzEyxg

yyy
   

    0,=]
2
1)[),(( 222

222 ryryxg
yyy

   (37) 
  

                                                                                                 0,=)( 1
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                                                                     ,2=)( 2

2
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2
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2 zEyEyE    (39) 
  

                                                                       0,=])()[,( 111
11 pyyxf
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   (40) 

  
                                                                0,=])[,( 222

22 ryyxg
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   (41) 

                                                             0,=]),(),([ 11
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1
1
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1 pyxfzEyxf

yyy
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                                                                 0,=]),(),([ 22
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2
2

22
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yyy
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                                                         0,=]),(),([)( 22
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2
2
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2

2 ryxgzEyxgy
yyy
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                                                                                               ,))((=)( 2
1

1
1

11
1

1 xDxwDx TT  (45) 
  

                                                                                   ,))((=)( 2
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2
2
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2
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                                                                                             1,)( 1
1

1 wDw T  (47) 
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                                                                                             1,)( 2
2

2 wDw T  (48) 
  

                                                                                         0,=1))(( 1
1

1 zEz T  (49) 
  

                                                                                         0,=1))(( 2
2

2 zEz T  (50) 
  

                                                                                     0.),,,,,(   (51) 
 
 Because of the non-singularity of ),( 11

11 yxf
yy

 , (40) yields  
 

                                                                                     .)(= 1 py   (52) 
 
 Since ),( 22

22 yxg
yy

  is positive or negative definite, (41) gives 
 
                                                                                               .= 2 ry    (53) 
 
Now, we claim that 0> . If possible, let 0= ; then (53) gives .= 2y   
Using (53) in (37), we get  

  0,=)),((
2
1]),(),([)( 222

222
22

22
2

2
22

2 yryxgryxgzEyxg
yyyyyy

   
 

which, on using hypothesis )(iii  and ,= 2y  yields .=      As 0= , therefore the equations 
 =  and 2= y  give 0=  and 0=  respectively. Equation (52) gives 0= . Also from 

equations (38) and (49), we have 
 

0.=)()(=)()(=))((= 1
11

1
11

1
1  EzzEzzEz TTT  

 
From (39) and (50), we get 0.=  Consequently, 0,=),,,,,(   contradicting (51). Hence 
 

0.>   (54) 
 
Subtracting (44) from (43) yields 

 
0.=]),(),([)]([ 22

22
2

2
22

2
2 ryxgzEyxgy

yyy

T   
 
Using (53) and (54) in above equation, we get  

  
                                                                       0,=),()),(( 22

22
2

2
22

2 ryxgrzEyxgr
yy

T

y

T  (55) 

 which contradicts hypothesis )(ii  unless 
  

0.=r                                                                                                                                          (56) 
   
 Equation (53) yields   

.= 2y                                                (57) 
 
 Using (56) and (57) in (37), we obtain 
 

0,=)),(()( 2
2

22
2 zEyxg

y
  

 
which on using hypothesis )(iii  and (56) gives  
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.=    (58) 

  
Since 0> , then obviously  
 

0.>   (59) 
  
Now, using (52) and (54) in (36), we get 
 0,=))),((( 11

111 ppyxf
yyy

  
 
which by hypothesis )(iv  implies 
  

0.=p   (60) 
 
 By equations (52) and (60), we have  
 

.= 1y   (61) 
 
 From (54) and (61), we obtain  

.= 3
1 Cy 


  

Using (58)-(61) in (34), we get  
  

.  allfor    0,)),(()( 1
11

1
11

1
11 CxwDyxfxx

x
T   (62) 

 
 Let .1

1 Cx   Then 1
11 Cxx   as 1C  is a closed convex cone, and so (62) implies  

 
.  allfor    0,)),(()( 1

11
1

11
1

1 CxwDyxfx
x

T   

Therefore,  
 

.),( *
1

1
1

11
1 CwDyxf

x
   (63) 

 
From (35) and (56)-(59), we have  
 

.  allfor    0,)),(()( 2
22

2
22

2
22 CxwDyxgxx

x
T   (64) 

 
Let .2

2 Cx   Then 2
22 Cxx   as 2C  is a closed convex cone, and so (64) implies  

.  allfor    0,)),(()( 2
22

2
22

2
2 CxwDyxgx

x
T   

Therefore,  
.),( *

2
2

2
22

2 CwDyxg
x

      (65) 
 
Also from (57) and (59), we have  

.= 4
2 Cy 


  

 
Now, letting 0=2x  and 22 2= xx  in (64), we get  

  
0.=)),(()( 2

2
22

2
2 wDyxgx

x
T    (66) 
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Thus 0)=0,=,,,,,,( 212211 sqwwyxyx  satisfies the dual constraints from (7) to (12) and so it is a 
feasible solution for the dual problem (SMD).  
Now let a=2


 . Then 0a  and from (39) and (57)  

 2
2

2
2 = zaEyE ,  (67) 

 
which is the condition for equality in the Schwartz inequality. Therefore  

.))(())((=)( 2
1

2
2

22
1

2
2

22
2

2 zEzyEyzEy TTT  

In the case of 0,>  (50) gives 1=)( 2
2

2 zEz T  and so 2
1

2
2

22
2

2 ))((=)( yEyzEy TT . In the case of 

,0=  (67) gives 0=2
2 yE  and so 0=))((=)( 2

1
2

2
22

2
2 yEyzEy TT . Thus, in either case, 

  

.))((=)( 2
1

2
2

22
2

2 yEyzEy TT   (68) 
  
By putting 0=1x  and 11 2= xx  in (62), we obtain  
 

0.=)),(()( 1
1

11
1

1 wDyxfx
x

T    (69) 
  
Also, (45) yields  

.))((=)(=),()( 2
1

1
1
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1

111
1

1 xDxwDxyxfx TT
x

T   (70) 
  
From (42), (54), (60) and (61) we get 
  

.)(=),()( 1
1

111
1

1 zEyyxfy T

y

T   (71) 
  
Equation (38), implies   

.= 1
11 zEE   

 
Using (61) in the above equation,  
 

.= 1
1

1
1 zEyE


   (72) 

 

Since equation (72) is the condition for the Schwartz inequality to hold as equality, so  

.))(())((=)( 2
1

1
1

12
1

1
1

11
1

1 zEzyEyzEy TTT  

In the case of 0> , the equation (49) implies 1=)( 1
1

1 zEz T  and so 2
1

1
1

11
1

1 ))((=)( yEyzEy TT . 

In the case of 0= , the equation (72) gives 0=1
1 yE  and so 0=))((=)( 2

1
1

1
11

1
1 yEyzEy TT . 

Thus, in either case  2
1

1
1

11
1

1 ))((=)( yEyzEy TT . 
Now equation (71) becomes 

 .))((=)(=),()( 2
1

1
1

11
1

111
1

1 yEyzEyyxfy TT
y

T 
 

                                                          (73) 
 
 Therefore, using (46), (56), (60), (68), (70) and (73), we obtain the following: 
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that is, the two objective function values are equal. 
 

Finally, from Theorem 1 or 2, we get that ),,,,,,,( 212211 rpzzyxyx  and ),,,,,,,( 212211 sqwwyxyx  
are global optimal solutions for SMP and SMD respectively.         
 
Theorem 4 (Converse duality)   
 Let RRRf KJ  |1||1|:  and RRRg KJ  |2||2|:  be differentiable functions and let 

),,,,,,,( 212211 sqwwvuvu  be a local optimal solution of SMD. Suppose that   
(i) the matrix ),( 11

11 vuf
xx

  is non-singular,  

(ii)  22
22 ,vug

xx
  is positive definite and   0),( 2

2
22

2  wDvugs
x

T  or  22
22 ,vug

xx
  is 

negative definite and   0),( 2
2

22
2  wDvugs

x
T ,  

(iii) 0),(),( 22
22

2
2

22
2  svugwDvug

xxx
, and  

(iv) one of the matrices  1 1
1 1 11 ( , ) , = 1, 2, ,| |,

x x
i

f u v i J
x





  is positive or negative definite.  

Then = 0,q = 0 ands there exist |1|1 KRz   and |2|2 KRz  such that 
0)=0,=,,,,,,( 212211 rpzzvuvu  is feasible for SMP and the objective function values of SMP and 

SMD are equal. Furthermore, if the assumptions of weak duality theorem (1 or 2) are satisfied for all 
feasible solutions of SMP and SMD, then ),,,,,,,( 212211 sqwwvuvu  and ),,,,,,,( 212211 rpzzvuvu  
are global optimal solutions for SMD and SMP respectively. 

 
Proof.  It follows on the lines of Theorem 3.             
 
Special Cases     
      In this section, we consider some of the special cases of our problems: SMP and SMD. For 
all these cases, {0}=1D , {0}=2D , {0}=1E , {0}=2E , |1|

3
|2|

2
|1|

1 =,=,= KJJ RCRCRC   and 
|2|

4 = KRC  .   
1.  If =2J  and =2K , then our problems: SMP and SMD reduce to the programmes: SP and 
SD studied by Gulati et al. [22] and if =1J  and =1K  in SMP and SMD, then the     
programmes SP1 and SD1 in Gulati et al. [22]  are obtained.  
2. By eliminating the second-order terms, our problems: SMP and SMD reduce to the mixed     
symmetric dual programmes studied by Chandra et al. [23].  
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3. If =1J  and =1K , then SMP and SMD reduce to programmes studied by Yang [24] with the 
omission of non-negativity constraints from SMP and SMD.  
4. If 0=p , 0=q , =2J  and =2K  in SMP and SMD, then the programmes WP and WD in 
Chandra et al. [25]  are obtained and if we take 0=r , 0=s , =1J  and =1K , then our 
problems become the programmes MP and MD studied by Chandra et al. [25]. 
 
CONCLUSIONS 
 

Weak, strong and converse duality theorems have been established for a pair of non-
differentiable second-order mixed symmetric dual programmes with cone constraints under second-
order ),( F  convexity/pseudo-convexity assumptions. It is to be noted that previously known 
results are special cases of our study. However, it is not clear whether the second-order mixed 
symmetric duality in mathematical programming can be further extended to second-order multi-
objective symmetric dual programmes.   
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