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Abstract: In this paper we introduce and examine some properties of the sequence spaces
clam.a.p). clam. 2. pl, C.(A7 A p), C,|A7. A, p| and V(A", A, p), and compute the ra-, rfB-
and ry-duals of the sequence spaces ¢ (v), c(v) and ¢,(v), and the ra- and rN-duals of the sequence

spaces C(A”) and C [A"j ] .
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INTRODUCTION

Let w be the set of all sequences of real or complex numbers and /,, ¢ and ¢, be

respectively the Banach spaces of bounded, convergent and null sequences x = (xk) with the usual

norm ||x|| = sup|xk , where ke N = {1, 2, }, the set of positive integers. Also, by bs,cs, ¢, and l,,

we denote the spaces of all bounded, convergent, absolutely and p-absolutely convergent series
respectively.
Let 4 :(An) be a non-decreasing sequence of positive numbers tending to oo such that

A

n+1

<A,+1, A =1. The generalised de la Vallée-Poussin mean is defined by ¢, (x):l‘—”g X,

where I =[n—A +1n] for n=1,2,... A sequence x=(x,) is said to be (¥,1)-summable to a
number L if tn(x)—>L as n—>oo [1]. If 4 =n, then (V,A)-summability and strongly (V,4)-
summability are reduced to (C,1)-summability and [C,1]-summability respectively.

The notion of difference sequence spaces was introduced by Kizmaz [2] and it was
generalised by Et and Colak [3]. Recently, the difference spaces bv, consisting of the sequences

x =(x,) such that (x, —x, ) e/ , have been studied in the case of 0< p <1 by Altay and Basar
[4], and in the case of 1 < p <oo by Basar and Altay [5], Colak ef al. [6] and Basar [7]. Since then
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Et and Esi [8] generalised these sequence spaces to the following sequence spaces. Let v=(v,) be

any fixed sequence of non-zero complex numbers and m be a non-negative integer. Then,

AHE(X):{XZ(X/() : (A"ixk)eX}

0 -1 -1
for X=¢_,, ¢ or ¢, where meN, A’x=(v,x,) and A"jx:(A"j x, —A” xk+]) , and so

AVx, = i(_ l)i(m] VieriXisis

i=0 i

The sequence spaces A”(X) are Banach spaces normed by

. ==

m
vl.xl.| + ‘ AN'x, Hw

for X =/ _, c or ¢,. Recently the difference sequence spaces have been studied by different

research workers [9-29]. The Cesaro sequence spaces Ces ,and Ces,, were introduced by Shiue [30],
and Jagers [31] determined the Kothe duals of the sequence space Ces, (1 <p< oo). It can be shown
that the inclusion 7, < Ces, is strict for 1 < p <oo. Later on the Cesaro sequence spaces X, and
X, of non-absolute type were defined by Ng and Lee [32, 33].

Let X be a sequence space. Then X is called:

i) Solid (or normal) if (a,x,)e€ X for all sequences (a,) of scalars with |o,|<1 for all k€N,
whenever (x,)e X ;

ii) Symmetric if (x,) € X implies (x,,,) € X, where 7 is a permutation of N ;

111) Sequence algebra if x.y € X, whenever x,y e X.

The determination of the dual spaces is important in the theory of sequence spaces. The
concepts of a-, - and y~duality are well known and the topology of the sequence spaces can be
defined by duality. The idea of a-, - and - duality was generalised by Et [34] to ra-, ¥- and ry-
duality (r > 1) . The main purpose of this paper is to introduce the ra-, rf3-, ry~ and rN-duals of some

sequence Spaces.

MAIN RESULTS

In this section we prove some results involving the sequence spaces C(A"j,l, p)
clar.a.pl c @ ap), € [A" A p] and V]A" 2, p]

Definition 1. Let m>1 and 1< p <. We define the following sequence spaces:
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C(A"j,i,p): x=(x,) : i%ZA”jxk

n=l1 n kE["

P
< OO},

clam apl=1x=(x): > /1—2 A"ixk] <OO},
n=l n keln

P
<o,

A" p<oo
vxk H

A’x, —E‘p = 0}.

We get the following sequence spaces from the above sequence spaces, giving particular
valuesto A,p,v, / and m.

i) For p=1, we write C(A",A), C|a7.A} C,(a".4), C.[a7,2] and V[A7,2] instead of
clam.a.p) clam.a.pl C (A" 2. p), C.[A7, 2, p] and V|A, 4, p| respectively.

iy For A,=n for all neN and p=1, we write C(A7) cla"] ¢, (am), ¢, |a7] and ¥]a7]
instead of C(A",4,p) . C|A". 4. p] . C (A", 2. p), C,|A". 4, p| and V|A", A, p| respectively. If
xe V[A"j,l, p], we say that x is A7 -strongly A,-summable to /.

L z AT x,

n kel,

C, (A", A, p)=1x=(x,) : sup

n

cw[An;,A,p]:{F(xk) Ly

n n kel,

v[ar. 4. p)= {x:(xk) : lif,n%Z

n kel,

iii) In the case of v=(L11..), we writt C(A",4,p).C[A" A, p|. C (A" 2. p), C.|A". 2. p]
and V[A", 4, p| instead of C(A".4,p)., C|A".2.p]. C,(A".4.p), C.|A"A,p| and V[A",2,p]
respectively.
iv) In the special case of p=1, A =n for all neN and /=0, we write V [A"j] instead of
v[ar,a.p).
v) Also in the special case of p=1, v=(L,11,...) and m=0, we write C(1), C[A] C, (1),
C,[A] and V[2] instead of C(A", 4. p), C|A". A, p| . C (A", 2. p), C,|A".2,p| and V]A". 4, p]
respectively.

Let X denote one of the sequence C(A"j,l,p), C[A"j,l,p], C, (A", A, p), C, [A"j LA, p]
and V[A"j,l,p], and let Y denote one of the sequence C(A’”,A,p), C[A’”,A,p], C (A", A, p),
C, [A’”,i, p] and V[A’”,i, p]. We note that the sequence space X is different from the sequence
space Y and X nY #¢ . For this, let x:(k’”) and v:(k); then xeCw[A’”,i,p], but
xeC, [A"j,i,p]. Conversely, if we choose x = (k"“”) and v = (k“) ,then xeC, [A"j,i,p], but
xX¢ Cw[Am,i,p]
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The above sequence spaces contain some unbounded sequences for m >1. For example,
the sequence x = (k’”) is an element of C [ A, p] but is not an element of 7.

The proof of the following two theorems can be established by using the known standard
techniques; therefore we give them without proof.

Theorem 1. Let m>1 and 1< p<oo; then the sets of sequences C(A"j,l,p), C[A"j,l,p],

c (A", A, p), C, [A"j,l, p)] and V[A"j,l, p] are linear spaces with the coordinate-wise additition
and scalar multiplication of sequences.

Theorem 2. Let m>1 and 1< p <oo; then the following inclusions are strict.
i) clama,p)eclar i p),
[ - ip]cC[ “ ﬂ,p],
iiiy C|a", 2, pleclar, 1, p)
(a7,4,p)c c(ar,2,9) (0<p<q),
v (A A p)ec, (a4 p)
vi)y C|am 4 plec, (A4, p)
Vii) C[ lp]ch( ip)
Viii) V[A"j ],i,p]c V[ v,i,p],
ix) V[A"j,i,p]ccw[A"j,i,p].

Note that C(A"j,i, p) and c(A”) overlap, but neither one contains the other. Actually the
sequence x = (k’”) is an element of c(A”) but not an element of C(A"j,i, p), and x = ((— 1)")
belongs to C(A",4,p) butnotto c(A™), where ¢(A” )= {x =(x,): (A"x,)ec}.

Theorem 3. The sequence space C[A"j,l, p] is a Banach-Coordinate- or BK-space normed by

‘] ,(l£p<oo). (1)

Cw[A"j,i, p] and V[A"j,l, p] are BK-spaces normed by

e

n kel,

=S+

n=l n keln

1

\] (1<p<w) @)

Proof. We give the sketch of proof for C [ Ay p] The others can be proved in the same way. Let

(x ) be a Cauchy sequence in Cw[ A", A, p], where x* = (x;),. Then there exists a positive integer

N t
n, X’ —x

forall s,t>n,.

Hence ( ) (for i<m )and (A" (xk)) for all k e N are Cauchy sequence in C. Since C
is complete, these sequences are convergent in C. Suppose that x; —x, (for i<m ) and

A" (x,f)—) y, for each k€ N as s —o0. Then we can find a sequence (x,) such that y, = A"x,
for each keN. These x,'s can be written as
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ke (k—i—1 o (krm—i-1
(—1)( ]y (—1)( ]y

= m—1 P m—1
for sufficiently large &, for instance k>m, where y,_, =y _, =...=y =0.
Thus, (A"j (x,i )): ((A"j (x,‘( )), (A"v1 (x,f ))) converges to A”x, foreach keN in C. Hence
x* —x”2 — 0 as s — oo. Since (x" —x) , (x‘)e C, [A"j,l,p] and the space C [A"j,l,p] are linear,

we have x=x’ —(x" —x)e C, [A"j,l,p] Hence C, [A"j,l,p] is complete. Since C, [A"j,l,p] Is a

Banach space with continuous coordinates, that is,

n

‘x” —x”2 — 0 implies ‘xk

xk‘ — 0 for each
keN as n— oo, itis BK-space.

In the same way it can be shown that C[A"j,l, p] is a BK-space normed by (1) and
V[A"j,l, p] is a BK-space normed by (2).

Theorem 4. The sequence space C(A"j,i, p) is a BK-space normed by

1
p\»

m o0 1 i
=Sl S s |22
i=l n=l|"*n kel,
and the space C_(A",1) is a BK-space normed by
- 1
= S| 5 0
i=l " n kel,

Proof. The proof is similar to that of Theorem 3.

Theorem 5. The sequence spaces C(1), C[A], C,(A) and C,[A] are solid and hence monotone,
but the sequence spaces C(A"j,i,p) C[A"j,l,p], C (A", A, p), Cw[A"j,i,p] and V[A"j,l,p] are
neither solid nor symmetric, nor sequence algebras for m > 1.

Proof. Let x=(x,)eC, [1] and y=(y,) be sequences such that |xk| < |yk| for each k € N. Then
we get
1 1
— x, | <— .
j“nkezl,,| k| 2«,,/;1,,|yk|
Hence C, [A] is solid and hence monotone. Let p=1 and A =n for all neN . Then
(xk):(k"““)eCw[A"j,l,p] but (o, x,)e Cw[A"j,i,p] when a, =(-1) for all keN. Hence

C, [A"j A, p] is not solid. The other cases can be proved on considering similar examples.

DUAL SPACES

The definitions of the ra-, rf-, ry- and rN-duals of a sequence space were introduced by
Et [34]. Since then the ra-duals of some sequence spaces were studied by Bektas et al. [35],
Chandra and Tripathy [36], and Tripathy and Sarma [37]. In this section we compute the ra-, rf-
and ry-duals of the sequence spaces 7, (v)c(v).c,(v), the rN-duals of the sequence spaces

c, am, C, [A"j] and V, [A"j] , and the ra-duals of the sequence spaces C_(A”) and C, [A"jl

Definition 2 [34]. Let X be any sequence space with 1<r <o, and define
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X" = {a:(ak) DY Jagx,| <o, foreachxeX},
k

X7 = {a (@) : D (a,x,)" is convergent, for cach x e X},
k

n

z (ak X )r

k=0

X" :{a:(ak) : sup < o0, foreachxeX},

X" =wa=(a,) : liin(akxk)r =lim a,x; =0, for eachx € X =x".

Then X'*, X'?, X" and X"" are called ro-, -, r- and rN-duals of X respectively. It can be shown
that X"* c X” c X7 andif XY ,then Y < X" forn e {a,ﬁ,y,N}. If we take r=1 in this
definition, then we obtain the o, - and y-duals of X . If X = (X )™, then X is called ro- perfect.
Lemma 1. xeC,(A") implies supn(n“ | A" x, |)< 0.

Proof. Firstly, we have

Ly g =L (s -, )

n4s n
If xeC,_(A”), then we have
1 1 1
N x| < =[x, < |- X A |+ A
n+1 n nio

and this implies that supn(n“ | A" x, |)< 0.
Lemma 2. Supn(n"‘ | A" 'x, |)< o implies supn(n"” v, x, |)< ©.

Proof. Omitted.

Lemma 3. xeC,_(A") implies sup,,(n"” |v,x, |)< ©.

Proof. Proof follows from Lemma 1 and Lemma 2.
Lemma 4 [35]. Let m be a positive integer. Then

[ﬁw(A"j)]N = [c(A"j)]N:{a:(an): v.'n"a, —0, n—>ow}
and

n+m—k—1

m—1

[eo(A" )1V = {a=(a,): sup, |zz-o( ]v;‘a,, <o},

where
X(A)= tr= () (A"x) € X forX =0, .c and c,.

Theorem 6. Let m>1 and 1<r<ow. Then
() [C. AN =U,
@iy ] =ub.

where
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U = {a =(a,): ) k™ v,:]ak‘r < oo},
k=1

U’ = {a =(a,):supk™
k

,
| <o)

Proof. (i) Let ae U](’); then

0

s o0
Z|akxk "= Zkrm |V,;]ak "k vex | <supk T vox, | Zk”" |vi'a, |'< o 3)
k=1 k

k=1 k=1
for each xeC_(A”) by Lemma 3. Hence a €[C, (A”)]*. Since /_(A")cC, (A”), we have
[C. (A <[, (A" =U"); hence aeU".
(i7) Let ané’) and er](’). Then from(3) we have a € [U](’)]m. Now suppose that a € [U](’)]
and a¢U§’). Then we have sup, k™™ |v,a, |"=c. Hence there is a strictly increasing sequence
(k(i)) of positive integers k(i) such that

O™ [ Vi@ 7> 1"

We define the sequence x=(x,) by

Nl ™, k=k(@)
X, =
0, k=#k(@).

ro

Then we have

zkrm |V/;]xk "= Z[k(i)]rm |Vk(i)ak(i) ™
k=1

i=1

< Zi_m <o, m=2.

i=1

Hence xe U](’) and >/, |a.x, | =2 1=co. This contradicts a € [U](’) ]m ; hence ae Ué’).
Theorem 7. Let m>1 and 1<r <. Then

o fela ] -ul,

G [V =ub.

Proof. The proof is similar to that of Theorem 6.

Corollary 1. The sequence spaces C, (A”)and C, [A"j] are not ra-perfect for m>1.

Let v=(v,) be any fixed sequence of non-zero complex numbers and let £ stand for /_,
¢ and ¢,. Then we define E(v)={x=(x,) : (v,x,)e E}. In the following theorem we give the ra-,
rp- and ry-duals of E(v)

Theorem 8. Let m>1 and 1<r<o. Then [E(W)]" =U") for nela,B.y} , where

OARES {a =(a,): i‘v;]ak‘r < oo}
o

Proof. We give the proof forthe case E=/¢_and n=a. If ac U, then
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o0 o0 a

r
Dlagx, "< supy,x, | D <o
k=1 k k=1 Vi

for each x e /_(v); hence a e/, (v)]ra. Now suppose that a €[/ w(v)]roc and a ¢ U"). Then there

is a strictly increasing sequence (n,) of positive integers », such that

Niy
Z v'a, |">i".

k=n;+1
Let x e/ _(v) be defined by
0, 1<k<n,
X, =9 i .
v.'(sgna,)/i, n,<k<n,
Then we may write
0 ny Ny
Z|akxk "= z la,x, |” +..+ z la,x, | +...
k=1 k=n+1 k=n;+1
ny 1 Ny
= z via, |+t — z vi'a, | +..
k=n,+1 l k=n;+1

>1+1+..=) 1=,
i=l
This contradicts a € (ﬁw(v))ra : hence a e U"). The proofs for the cases X = ¢, or ¢ and
ne {ﬁ,y} are similar.

Corollary 2. i) Let v, =1 forall keN. Then we have

(c, e ={c,[ar]f =6 and [69] =G,

where
G = ta=(a): YK |a [ <=,
G =la=(a,): supk™ | a, | <o},
(@) Let v, =1 forall keN and m =0. Then we have

[C, e =l fan ] =, =ta=(a): rila, <},

(iii) Let v, =1 for all kK € N. Then we have U=y

e

Lemma 5 [35]. Let m be a positive integer. Then

m+k

i) There exist positive constants, M, and M,, such that M k" S{
k

n+m—k—1 n+m n+m
o= 7T

-1
iii) If xec, (A"j) , then (’M] v,x, = 0,(k— o).
k

]stk’”,k =0,1,2...
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Theorem 9. Let 1<r <o, and m be a positive integer. Then
[C.an ={c ] =rc.@nr = e ] =u,() and

vl "=l -v.0

where
UW)=1{a=(a,): v,'n"a, -0, n—> o}

U,(v)=1ia=(a,): SUPIZ(

Proof. The proof of the part [Cw( "j)]N :[Cw(A"j)]N =U,(v) is easy. We only show that
Wlarl" =u,m). since [, (A" )Y =U,(v) and ¢, (A7) 7, [A"]. we have [c,(A")]Y cU,. Let
aeU,(v) and xeV, [A"j] Then by Lemma 5 i), ii) and iii), we obtain

lima,, _hm(z{n+m k- 1])V a(z(n+m k- 1])] N

Hence ae {VO[ "j]}w
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