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INTRODUCTION

The concept of statistical convergence was introduced by Fast [1] and Schoenberg [2]. Later
on it was further investigated from the sequence space point of view and linked with the
summability theory by Belen and Mohiuddine [3], Colak [4, 5], Connor [6], Fridy [7], Gadjiev and
Orhan [8], Gungor and Et [9], Gungor et al. [10], Isik [11], Kumar and Mursaleen [12], Mohiuddine
et al. [13], Mursaleen [14, 15], Rath and Tripathy [16], Salat [17] and many others. The idea of
statistical convergence depends on the density of subsets of the set N of natural numbers. The
density of a subset £ of N is defined by

5(E)=1im Y 7,() ,
"o R k=1
provided that the limit exists, where y, is the characteristic function of the set E. A sequence
x = (x, ) is said to be statistically convergent to L if for every £ >0, & ({k eN : |xk - L| > g}) =0.

The concept of asymptotically equivalent sequences was firstly introduced by Pobyvanets
[18]. Since the last decades, asymptotically equivalent sequences have been studied by several
authors [19-25]. In the present paper, using the generalised difference operator A" and a non-
decreasing sequence A =(A,) of positive real numbers such that 4, <A +1, 4, =1, A, >

n+l —
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(n > o), we introduce A" (1)—asymptotic statistical equivalence of order & and strong

A" (1)-asymptotic equivalence of order o of sequences, and give some relations connected to

these concepts.

DEFINITIONS AND PRELIMINARIES

Let w be the set of all sequences of real or complex numbers, and A, ¢ and ¢, be,
respectively, the Banach spaces of bounded, convergent and null sequences x = (xk) with the usual

norm||x|| = sup|xk|. Let A :(An) be a non-decreasing sequence of positive numbers tending to oo
suchthat A ,, <A +1, A4 =1. The generalised de la Vallée-Poussin mean [26] is defined by
()= 3 5,
w kel,

where I, =[n—A +1,n] for n=1,2,.... A sequence x =(x,) is said to be (V,4)—summable to a
number L if ¢ (x)>L as n—ow If A =n, then (V,A)-summability and strong
(7, ) —summability are reduced to (C,1)—summability and [C,1]-summability respectively. By
A, we denote the class of all non-decreasing sequences of positive real numbers tending to oo such
that A, <A +1, A =1L

n+l —

The notion of difference sequence spaces was introduced by Kizmaz [27] and this concept
was generalised by Et and Colak [28]. Later Et and Esi [29] generalised these sequence spaces to
the following sequence spaces. Let u = (1, ) be any fixed sequence of non-zero real numbers and let

m be a non-negative integer. Then

X, (ar)=fr=(x) : (arx,)e x}
for X=A,,c or c,, where meN, A x=(ux,), A";x:(A";“xk—A"j“ka), and so

A'x, =Y (- l)i(m]u w: % The sequence space X M( '”) is a Banach space normed by

i=0
M, = 3+
for X =A_, ¢ or c,. Itis noted that the sequence space X, (A’”
space X(A’”) and X, (A’” )m X(A’” );«t ¢, where X(A’” ): {x = (xk ) : (A’”xk)e X}. For this, let
X =X, and choose x=(k"") and u=(k*); then xe ), (A’”) but xg A, (A’” ) Conversely if we
choose x =(k""*) and u=(k), then xe kwu( '”) but x ¢ kw( '”). Let X be any sequence space;

1

m
K],

) is different from the sequence

if xeX M( " ), then there exists one and only one z=(z,) € X such that

ko —i—1 ; k+m—i-1
<—1>m(" l ]zizu:zw( bm=i ]
i=1

P m—1 m—1

(1)

z =..=2,=0

1-m = ZZ—m
for sufficiently large k, for example k > 2m. We shall use the sequence which is defined in (1) to
define the sequence in (2) Recently the difference sequence spaces have been studied [30-37].

MAIN RESULTS

In this section, we give the main results of this paper. In Theorem 1 we give the relationship
between A” (A)—asymptotic statistical equivalence of order o and A" (u)-asymptotic statistical
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equivalence of order S of sequences. In Theorem 2 we give the relationship between strong
A" (l)—asymptotic equivalence of order a and strong A7 (/,t)—asymptotic equivalence of order
B of sequences. In Theorem 3 we give the relationship between A" (l)—asymptotic statistical
equivalence of order o and strong A" (/,t)— asymptotic equivalence of order S of sequences.

Two non-negative real-value sequences x and y are said to be A" —asymptotically
equivalent provided that

AVII
(denoted by x~y ).
Using the above expression we can make the following definition.

Definition 1. Let A A and o € (0,1] be any real number. Two non-negative real-value sequences
x and y are said to be A" (l)— asymptotically and statistically equivalent of order o provided that
for every £>0,

st (2)
(denoted by x ~ y ), where u and v are two non-negative real-value fixed sequences such

si(a) st (. (2)
that u, #0 and v, #0 forall ne N.For A, =n, we shall write x ~ » insteadof x ~ y and

st(an)
in the special case oo =1, A, =n, u, =land v, =1 for all ne N, we shall write x ~ y (which is

st (2)
called A" —asymptotic statistical equivalence) instead of x ~ .

It is easy to see that if x and y are A" —asymptotically equivalent, then x and y are

A" —asymptotically and statistically equivalent of order o, but the converse does not hold. For
this, consider two sequences, x = (x, ) and y =(y, ), defined by

0, k#n’
A'x, =< , n=12,.
k {1, k=n’ (2

A"y, =1, for all k.

It is clear that x and y are A" —asymptotically and statistically equivalent of order a for a € (é,l],
but they are not A" —asymptotically equivalent.

Definition 2. Let Aec A and a € (0,1] be any real number. Two non-negative real-value sequences
x and y are said to be strongly A" (l)— asymptotically equivalent of order a provided that for
every € >0,

A”x,

ATy,

-L|=0

vE [ ) B 71N Ve[ () ,
(denoted by x ~ y ). For A, =n, we shall write x ~ y» instead of x ~ », and in the
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special case o =1, A, =n, u, =land v, =1 for all ne N, we shall write x ~ y (which is called

il )]
strong A" —asymptotic equivalence) instead of x ~ .

Theorem 1. Let A,ue A suchthat A <u, forall neN, and a and B be fixed real numbers

such that O0<a < B <1. Also, let x and y be two non-negative sequences. Then each of the

following assertions holds true:

i) If
lim inf A”ﬂ >0
n—>0 ‘Ltn
sh(a,(w) st (a, (2)
then x ~ y implies x ~ y;
i) If
.M,
T
sk(am (1) shlan(u)
then x ~ y implies x ~ .
sk, (w))
Proof. 1) Supposethat A, <u, forall neN and x ~ y. Then we can write
Am Am
keld, : #X"—L >2grDkel, : #x"—L >
Avyk Avyk
and so
Am a Am
Lﬂ keld, : m“—x"—L >¢ Zi"ﬂia kel, : ,Zx" -L>¢
:un Avyk :un j“n Avyk

st (s, ()
forall neN, where J =[n—u, +1,n] Henceweget x ~ y.

sela ()
i) Let x ~ y andsupposethat /, cJ, forall neN. Then we can write

2 lees, }%—Lae}
?!'gf &v.}?k

{n—,ﬂn +l=k=n-A4,

}

n
ﬁuxk _

ﬁf)" 3

m
‘E‘nxﬁ; _

ﬂ?}’k

}

L

74

+Lﬁ kel, }%—L
-'H:u ﬂ"vy.i;

= *‘”*j* +%erfm :
Mo

}

L

3)

4)
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E’E’I"_;{’f+i{kefﬁ e g 25}

E(&—1J+iﬁ{kefx Bt 25}
’ﬁ Ax &1.-.}?,:;

for all ne N. Now, proceeding to the limit as » — o in the last inequality and using (4), we get
sk(an,(w)
x ~ y. The following results are derivable easily from Theorem 1.

Corollary 1. Let A,ue A besuchthat 4, <u,  forall neN, andlet x,y be two non-negative
sequences. If condition (3) is satisfied, then

ostlnw) o stHanw)
) x ~ y implies x ~ y foreach ae(0,1];

ostw) o stHaew)
i) x ~ y implies x ~ y foreach a€(0,1];

ostw)  sHaw)
i) x ~ y implies x ~ .
Furthermore, if condition (4) is satisfied, then we get following corollary

st st (an ()
) x ~ y implies x ~ y foreach ae(0,1];

oSt st
i) x ~ y implies x ~ y foreach a€(0,1];

st (A’;’\, () ) ) st (A';’p ()

i) x ~ y implies x ~ y.

Theorem 2. Let A,uue A suchthat A <u, forall neN, and a and B be fixed real numbers
such that 0 <a < B <1. Also, let x and y be two non-negative sequences. Then each of the
following assertions holds true:

v (w) s )]
1) If condition (3) is satisfied, then x ~ » implies x ~ y;

vt o) il ol

i) Let x,yen, (A’”) If condition (4) 1s satisfied, then x e y implies x ~ y,
where A, (A’” ): {x =(x,): (A";xk )e kw}.

Proof. i) Assume that A,z € A suchthat A < u, forall ne N and that condition (3) holds. Since

I, cJ,, wehave
LA gl AL gAY
‘unﬂ keJ, An‘jyk :unﬂ AZ kel An‘jyk
sam vl o)

Since (3) holdsand x ~ 1y, weget x ~ .

i) Let x,yel,, (A’”) and suppose that condition (4) holds. Then there exists some M >0 such
that |Se

vk

— L‘ <M forall k,m. Then we can write
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BRI v S O U5 Y B B
My ke | ALy, My kL ATy, My kel ALYy
_ A"
S(un ﬂln]M Lﬂz nb:xk L
;un :un kel, Avyk
_ B A"
< :un ﬂln M+Lﬂz uxk —L
lLtn lLtn kel, An\:lyk
< B _plpr e LA g
j“n j“(r)z( kel, Anb’k

vl ()]
for each ne N. Therefore x ~ y. Theorem 2 yields the following corollary.

Corollary 2. Let A,ue A be such that A, < u, forall neN, and let x,y be two non-negative
sequences. If condition (3) is satisfied, then

o) )]
) x ~ y implies x ~ y foreach ae(0,1];

] )

1) x ~ y mmplies x ~ y foreach ae(0,1];
e )

) x ~ y implies x ~ .

Furthermore, if condition (4) is satisfied, then we get the following corollary.

R0 vE [ ()]
) x ~ y implies x ~ y foreach ae(0,1];

R 0 . Ve[ ()]

1) x ~ y implies x ~ y foreach a€(0,1];
el )

) x ~ y implies x ~ y.

Theorem 3. Let A,uc A suchthat A, <pu, forall neN, and a and f be fixed real numbers
such that 0 <a < B <1. Also, let x and y be two non-negative sequences. Then each of the
following assertions holds true:

v o )] st (1)
1) If condition (3) is satisfied, thenx ~ y implies x ~ y;

SL (Arllll\’ (}’ )) V; [A’Z\’ (” )]

i) Let x,y e A_ |A"). If condition (4) is satisfied, then x e y implies x ~ .
y ou

Proof. i) For any two sequences, x=(x,) and y=(y,), we can write
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A" A" A"
uxk_L: z uxk_L+ z uxk_L
k| AV, ke AV ke AV
%_ng ’Z‘xxk—L«:
ATy Ve
>y A%y
kel, ALy,
M—LZ&
AV vy
2Rkel, : An”;x" —Liz¢e e
vyk
so that
m Am
] T A =) F P
lun ke, Avyk lun Avyk
a 1 Am
> j“nﬂ_a kEIn . ’Z—XI(—LZE E.
lun j“n Avyk
i (] st (an,(2)

Hence x ~ y implies x ~ y.

st (2)
i) Suppose that x ~ y and ux, yekwu(A’”). Then there exists some M >0 such that

i—’y‘k -~ L‘ <M forall k,m. Then for every & >0 we can write
vk

1
‘Llnﬂ keJ,

1
‘unﬂ ked,~1,

ATX,
ATy,

un_—ﬂn]M;z

B
:unﬂ ‘un kel,

_ B
moA e s
s py kel

m
Auxk

1
.
Avyk

:unﬂ kel,
m

Auxk
m

Av yk
m

Auxk

ATy,
m

Auxk

ALy,

-L

-L

An"éxk —L‘
Avyk

IA

-L

IA

-L

- %—QM+J— Y

- L
AP P e,

Ny,
NG

>g

m
Auxk

ATy,

-L

vl (] stlan )
for all ne N. Using (4), we obtainthat x ~ y whenever x ~ y. Corollary 3 below is

easily proven by applying Theorem 3.

Corollary 3. Let A,ue A be such that A, < u, for all neN, and let x,y be two non-negative
sequences. If condition (3) is satisfied, then
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e sHanw)
) x ~ y implies x ~ y foreach ae<(0,1];

] sHan)

1) x ~ y implies x ~ y foreach ae(0,1];
el sHanw)

) x ~ y implies x ~ .

Furthermore, if condition (4) is satisfied, then we get following corollary.

CosHaw) o )]

) x ~ y 1impliess x ~ y foreach ae(0,1];
sty vt

1) x ~ y impliesx ~ y foreach ae(0,1];
st )

) x ~ y impliesx ~ y.

CONCLUSIONS

The results obtained in this study are more general than those reported in the literature. We
get several results giving particular values to the numbers m, o, f and the sequences A, u,u and v.

If we take A, = u, for all ne N, then we can write the above theorems without conditions (3) and

(4)
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