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Abstract: In this paper we introduce and study a new subclass R, of p-valent functions that are
analytic in the open unit disk E = {z: | z |[< 1}. Some interesting results by using convolution
technique for this subclass R, are obtained. Also, we point out some known consequences of our
main results.
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INTRODUCTION

Let A(p) denote the class of functions

f(zj =Zp+Z:L=1 Iﬂ';u+;:uz”-}-;"I (PE N = {1,2.}:], (1)

which are analytic and p-valent in the open unit disk E = {z: | z [< 1}. A function f(z) € A(p) is
said to be p-valently starlike of order a(0 < @ <p) in E if and only if

zf (2)
Re(ﬂz})}a (z€EE).

We denote the class of all p-valent starlike functions of order a by S;(a). Further, a function f(z) €

A(p) is said to be p-valently convex of order (0 < a < p) in E if and only if
RE(I-I-Z;(KZ?)}H (z € E).

We denote by Cp() the subclass of A(p), consisting of all p-valently convex functions of order @ in

E. It follows from the definition that if f(z) is p-valently convex function, then zf'(z) is p-valently

starlike in E. The classes S,(«) and C () were first introduced by Owa [1].
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It is easy to see that $5(0) = S5 and C,(0) = Cp are, respectively, the classes of p-valently
starlike and p -valently convex functions in E. We also note that S%= S" and C1 = C are,

respectively, the well-known classes of starlike and convex functions in E.
We say that a function

s

h(z) =1+ Z Cy2" (z€E)

n=1
belongs to the class P(«) if h(z) satisfies the following condition
Reh(z) >a, 0=a<1 (z€eE).
Let f(2), g(z) € A(p), where f(z) is given by(1) and g(z) is defined by
giz) =27 + 35, byt r (z€E).
Then the Hadamard product (or convolution) f * g of the functions f(z) and g(z) is defined by
(f +g)(2) = 2P + Eooi Qnypbnsp 2™ = (g + f)(2).

In recent years many interesting subclasses of analytic multivalent functions associated with
the linear operator and their many special cases were investigated by, for example Liu [2] and Sokol
et al. [3], and also by Arif et al. [4, 5] and others [e.g. 6-8] using convolution technique.

We now define the following:

Definition 1. A function f(z) given by (1) is said to belong to the class R, if

Re (LB 50 (zeEpeN={12..}), @)

p!
where f®(z) is the pth derivative of f(z).
As a special case, the class Ri=R was studied by Singh and Singh [9] in 1989. Using
essentially their technique and that of Lashin [10], we prove the main results for the class Rp, which
is the main motivation of this paper.

PRELIMINARY RESULTS
Lemma 1 [11]. Let {dnJo be a convex null sequence. Then the function
q(z) = 2+ T dp2"
is analytic in E and Req(z) >0 (z€E).
Lemma 2 [12]. If N(z) and D(z) are analytic in E, N(0) = D(0) = 0, D(2) is starlike in E and

Re(m)}-[}. then RE('%)}{] (z € E).

D{z) (Z)

Lemma 3 [9]. If h(2) is analytic in E, h(0) = 1 and Reh(z) > ;— (z € E), then for any function F
analytic in E, the function h * F takes values in the convex hull of the image of E under F.

Lemma 4 [13]. Let 8 < 1. Ifthe function h(z) is analytic in E, with h(0) = 1, and
Re (h[z]l - zh'{z}) >f (z € E).

Then
Reh(z) > (26 — 1) + 2(1 — B)In2 (z € E).

The result is sharp.
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Lemma5[14]. Fora<land f <1,
P(a) « P(p) c P(8), §=1-2(1-a)(1-p).
The result is sharp.
MAIN RESULTS
Theorem 1. Let f(z) € Rp; then
Re (- ’;“23‘) > —1+ 2log2 (z € E).

The constant —1 + 2log2 cannot be replaced by any larger one.
Proof. Let f(z) € Rp; then we have

Re (L™ 5, g (zeE),
which can be written as
w  (p+nIn+1)

Re (1+E”:1 Tam”z”) >0 (z €E), (3)
or equivalently,

Re(1+3pm, &g o7)>2  (zeE). (4)
Consider the function

h(z) =1+ 2%n=, — 2" )

Clearly, h(z) is analytic in E, h(0) = 1 and
Reh(z) = Re (1—2{z +log(1 - 2)})

> —1+ 2log2 [15]. ©)
From (4) and (5) we obtain

[Pz (p+nin+1)
o (1+ Zrt 1_"'."__ﬂp+n ) (1+22n e n),

pinl
from which it follows, in view of (4), (6) and Lemma 3, that

fll—’](}
(5

)} 1 + 2log2 (z € E).

The constant —1 + 2log2 cannot be replaced by any larger one, which follows from the fact that the
function f defined by 55%1 = —z — 2log(1 — z) 1s in the class Rp.

Corollary 1 [9]. If f(2) € R, then

Ref'(z) > -1+ 2log2 = 0.39... (z € E).
The constant —1 + 2log2 cannot be replaced by any larger one.
Theorem 2. Let f(z) € Rp, then

Re (—2) > 2 (z € E).

F4 2

Proof. Since the sequence {dn); defined by d, = 1.d, cm_w n=1 isa convex null sequence,
using Lemma 1 we have
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1
n =
Re(1+2%0, —=z")>- (z € E). (7)
We can write
fFP g (p+rilin+1) i 1 A
plz (1+ E” 1 phl Ap+n? ) (1+2 n= 1(ra+1}¢z )

From (4), (7) and Lemma 3, we have the required result.

Theorem 3. Let f(z) € Rp, then for every n > 1, the n partial sum of f(z) satisfies
ReS)(z,f) > 0,z € E and hence S, (z, f) is p-valent in E.

Proof. From (3) and (5) we can write

¥4

5n (21 (p+n)t{n+1)
HT (1+En 1T{Ip+rtzn) (1+En 1 z")- (8)

Putting z = rew, 0 < r < 1, 0 <|0|< m, and using the minimum principle for harmonic functions

(n+1)

with the result in the literature[16], we have

Re(1+3%, =) =Re(1+3%,

rrle,lnb')

n+1

= Re (1 + 9%y %(EDSHE‘ + isinnﬂ})

=1 E¥r., cusnﬂ (0<f <m

cosnig 1

:1+E:E:1 n+1 23' ©)

Using (3), (8), (9) and Lemma 3, we deduce that Re (S,”(z.f))>0. z€ E.  From the result given
[17], we see that Sn(z, f) is p-valent in E for everyn > 1. Ifp = 1, then Theorem 2 and Theorem 3
were proved [9].

Theorem 4. If f(z) € A(p) and

f[p](2}+2flp+]'[2] _1 (10)
E( - ) > p (z € E),

then f(z) € §;(p—1).
Proof. Let f(z) € A(p) given by(1). It follows from the hypothesis of the theorem that

Re (1 +- E” L Wﬂpmz”) ‘;:r% (zeE). (11)

Also, the sequence {dnJo , where do =1 and d,, = >—

2 rrt+lj2'

Re(1+2%m, ——z")>3 (z € E). (12)

(n+1)2

n = 1, 1s a convex null sequence such as

From (11), (12) and Lemma 1, we obtain

FP-1)(z) (p+nil(n+1) = 5 1 n
RE(T) (1+ ZH_ - pint ﬂpﬂ:z )*(1+EEH=1 {n+1}zz )

>1 (zek). (13)
Now we define a function w(z) by

W(z] _ zft”}[z] _ffiﬂ—n(z}

zf(ﬂ)(zj - f[iﬂ—'lfl(z}'

which can be written as
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zf'Plzy  1+wiz)
FP-1(z)  1-w(z) (z € E). (14)

Clearly, w(0) = 0. Since f(z) is p-valent in E, we have w(z) # 1 in E. From (14) we obtain

p! T piz 1-wi(z) (1-wiz))2

We claim that|w(z)|< 1 in E. If this is not true, then there exists a point zo€ E such that

[P 2)azf P (z)  fP-1)(z) ((1+wtz’)z jAmwn) ) (15)

MAX; <)z, W (2)] = [W(Z)] = 1.
Then from the result given [18], we have
zw'(z,) = kw(z,),where k = 1,w(z,) = e'%,0 < 6 < 2m.

Putting z = z, in (15), we obtain
Re (}"-P'{zu]+2u,r:P+1:[z,_,}) T [P t(zy) (l+e‘ﬂ)2 + Zkel?
p! plzg 1—el@ {1_913}1

cosf+1+k P=1lz4)
Re (1" (Zn )
cosfd—1 (Zg)

(p—1)

(Za)

-hlln-r pa | =

A

(16)
[N a)

Since k = 1 and from (13), Re ( = ) > %. z€ E.  Inequality (16) contradicts inequality (10);
thus, |[w(z)|< 1 in E. Equation (14) then implies that f(z) € S,(p — 1) [19].

Using the Alexander type relation, we obtain the following corollary.
Corollary 2. If g(z) € A(p) and

(Fh] 3 (P41} } 2 Ap+2]) 1
R fF S o (z € E),

then g(z) € Cp(p — 1).
Corollary 3 [9]. If f(z) € A and let
Re(f (2) + zf "(2)) > -3 (z € E),
then f(z) € S".
Our next result shows that the class Rp is closed with respect to Hadamard product.

Theorem 5. If f(z) and g(z) belong to the class Rp and

hP-D(z) = f®-D(z) + gP-V(z),
then h(z) also belongs to the class Rp.
Proof. Since

h®=D(z) = fO V() « g*0(2),
it follows that

zh{m[z} = zf[”}{z) * g[p_“{z].

A simple computation gives

re (2t _ g ((Pensarde (1% v, )

p! plz

From (17), using (1), (13) and Lemma 3, we have the desired result.
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Corollary 4 [9]. If f(z)=z+¥;; a,z"and g(z) =z +¥,_, b,z" belong to R, then their Hadamard
product
h(z) = (f * g)(z)
also belongs to R.
From the proof of Theorem 5, it is clear that the following more general result holds.

Theorem 6. If f(2) € Rp, g(2) € A(p) and Re(u) = E , z € E, then

iz
fFP-0(2) * g~ (2)

also belongs to the class Rp.

Theorem 7. Let f(z) € Rp. Then Re(f®(z)) > 0, z € E and hence f(2) is p-valent nE.

Proof. Using the result given [17] and applying Lemma 2 with N(z) = p— Land D(z) = z proves
Theorem 7. If p =1, then Theorem 7 was proved earlier [20].

Ruscheweyh and Small [21] have proved that the class C is closed with respect to Hadamard
product. In what follows we prove that the Hadamard product of functions of the class Rp belongs
to the class Cp(a).

Theorem 8. If f(z) and g(z) belong to Rp and
h®P-D(z) = FE-1(z) » gP-V(g),
then h(z) € Cp(p — 1).

Proof. In view of Corollary 3, it is sufficient to show that

R (214 3zh PHL 2422 hPH2) 2 1
RE( i pf s ):3-—; (z € E).

Equivalently, this can be written as

l ) 1
Rf—'(l + Y1 (n+ 1}( nﬂj, ) LIri+;:|f-7'ri+;.:ﬂ?-'n) = i (z € E). (18)
Since f(z), g(z) € Rp, we have
EE‘(I + %Z:f:] %ﬂrl-}-pzn) :}é {2 € EJ:
and
1won  (MEPIA+1 1
Re(1+1y%, %b,,,{ﬁ”)}i (z € E).
Using Lemma 3, we obtain
3 f(n+p} & 1
Re(1+= 7Zn=1 (n+1) ( — ] ApypbnipZ™ | > 5 (z€E). (19)
Consider the function
h(z) = (1+4 %0, —2") (20)

Clearly, h(z) is analytic in E, h(0) =1 and
Re(1+4%5, ——2z") = Re (-3 —2log(1-2))
> -3+ 4log?2 [15]

> —i (z € E). (21)

From (19) and (20), we can write
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(1+ 2 @+ D (Z2) anspbusp2”)

nipl

(1 +1ye, (n+ 1) ("”:;") s by p?’ ) (1+432, 227). @)
Using (19), (21), (22) and Lemma 3, we see that (18) holds for all z € E. This completes the proof.
Corollary 5 [9]. If f(z)=z+X;_, a,z" and g(z) =z + X, b,z" belong to R, then

h(z) = (f + g)(z) € C.

We now define the integral operator F(z) as follows. Let f(z) € A(p); then

Flp_l'lllz; 41 j' (p—1 lf]
m ey p_)dt (c>-p,peN={12,..]).
= eo . AcHAMRAPH n+1
- R (n+c+i)in+ippr TP . (23)

For p=1, the operator defined in (23) is a generalised form of operator by Bernardi [22]. A
comprehensive study of operators with applications can be found in the literature [23-30].

Theorem 9. Let f(z) € Rp and

FRHgy el oz PP 24
2=t (—-p! )dt (z € E). (24)

Then F(z) € Rp.
Proof. Let

FPYzy+zriPHl(z)
p!

= h(z).

Then h(z) is analytic in E and h(0) = 1.
From (24), we have
2 FP1(z)y _1 fP )
() =+ —=.
A simple computation gives us:

Re (h(z) +2 “}) Re [*’””"*2“”'”” )

p!
From the hypothesis of Theorem 9 with the result given [31], we have
FiPl ) 4zFPtiliz)
Re ( = )>0 (z € E).

This completes the proof. It is easy to see that if 0 < A < 1, and f(z) and g(z) are in Rp, then G(2)
=Ag(z) + (1 — 1)f(2) is also in Rp. This shows that the class Rp is a convex set.

Theorem 10. Let f(z), g(z)E A(p) and o, f < 1. If

i €5 Pz
——€P(@), S —eP(B),
and
$P0(z) = fOO(E) » g0 2),
then ¢(2)€ fp(p — 1), provided that
(1-a)(1-p)<

Proof. Using the given hypothesis on f(z) and g(z) and Lemma 5, we have

(25)

8(ln2— 1}i+4
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RE (Jr..‘.\'."l{j_r}I N y(p](z)] = RE_' (¢,lp:[z}+2¢lﬂ+l|[z))

p! p! !
>1-2(1—a)(1-p). (26)
By using Lemma 4, from (26) we have
He(“’";:!‘”) >14+4(1—a)(1—pB)(In2 - 1) (z € E),
or equivalently, this can be written as
Re ("J”’p;"“ +z (*’J“’p;[”)) >1+4(1-a)(l-p)(n2-1) (z€E). (27)

Using Lemma 4, (27) becomes
(p—1]
Re [%) >1-8(1—a)(1-p)(In2 — 1)

Suppose
249 (2) 6 (2)
h(z) Zm and q(z) = ——
Then h(z) is analytic in E, h(0) =1 and
Req(z) > 1-8(1—-a)(1-p)(In2 — 1)2, (28)

A simple computation gives us:

$P)(2) + 207 (2) = q(2)(h(2) + 20 (2))

= Y(h(z),zh'(2), 2). (29)
By taking u = h(z) and v = zh'(2), Y (u, v; z)= q(z) (uz+ v). From (25) and (29) we have
Re (¥(h(2),zh (2),2)) > 1-2(1 — a)(1 - B) (z € E).

Now for real x,y < —%(1 +x?) , we have

Re(¥(ix,y,z)) = (—x? + y)Req(z)

= —%(1 + 3x?)Req(2)

< —-Req(z) (z € E). (30)
From (28) and (30) we obtain
Re (W(ix,y,z)<1-2(1-a)(1—p), forall z€E.
By using the results given [19, 31], we have ¢(z) € S;(p —1) (z€E).
Corollary 6. Let f(2),g(z) EA(p) and a, f < 1. If

P (el
Eler@), S 2erp),

and
PPV (z) = f; {I"'”"’*srr'”"‘]ffldt_
then Y(z)€ Cp(p — 1), provided that
(=~ Ry S

g(lnz—1)2+4"

The proof is simple by taking zi'?(z) = ¢ "(2).
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Theorem 11. Let f(2), g(2), h(z)€ A(p), «, ,B, y<l.If

C9ep(a), =8 P(p), =2 eP(y),

and
ﬂ(p_l}{z} = U[p_i:l * g[p_l] * _h[p_l]')(z}r
then @(z)€ Sp(p — 1), provided that

1-a)(1-Bl-p) < -

[BInz—1)2+4H{—4){Inz2—1)¥

Proof. By the hypotheses on f, g and /# and Lemma 5, we obtain
) () ) (p+1)
o (K (z) ; h (z}) e @P(z) + z0 (2)
p! p! p!
> 1=2(1—a,}(1=F),
where K®~V(z) = (f®~1 « g®»~1)(z) and Re”lim >a; 0 =1+4(1—a)(1—B)(In2-1).

From (31), together with Lemma 4, we have

Re (= ’;“Z]] >1-16(1—a)(1 - B)(1 —y)(In2 — 1)? (z € E),

Using the same technique similar to that of Thereom 10, we obtain the required result.
Corollary 7. Let f(2), g(2), h(z)€ A(p), a, B,y < 1. If

fni;:!r_z} e P(a), g’-il!{ fﬁ} .;z} e P(y),

and
eP=1(z) = (fPD « gP~1) 4 pP-1))(7),
Then ¢@(z)€ Cp(p — 1), provided that
(1-a)1-p(1-y)<
For proving ¢(z)€ Cp(p — 1), it is sufficient to show that
(P~(z) = zp®)(2) € Sy (p — 1).
By the hypotheses on f(z), g(z) and h(z) and Lemma 5, we obtain

(fPag®eh®)z)\ _ o (P42 P (z)
Re ( p! ) - RE‘( p! )

15|;|n2 132 +8"

>1-41-a)(1-£(A-y)
and the proof is completed similarly to that of Theorem 10. If p = 1, then Theorem 10 and
Corollary 7 were given [10].

Theorem 12. Let f1(2), f2(2), . fn(z)e A(p), at,a1,...,an<1. If

P} (P
fi pLZJ IS P[ } Iz E P(ﬂ'z) ILpIEEJ = P{ﬂ'ﬂ),
and
-1z = (r-1) {r-r—li*_ P Ay ),
1 2 n

then 7(z)€ S+»(p — 1), provided that

189

€2))

(32)
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3
{B{ln2—1)2+4H({—4)(Ilnz2—-1)}"2 *

(l-a)(1l-a;)...(1—-a,) < n=2. (33)

Proof. For proving the above Theorem, we use the principle of mathematical induction. Forn = 2,
we have proved Theorem 10; thus, (32) holds forn = 2. Suppose that (32) holds true forn = k;
that is,

-1z} = {ft[p_“ *E(P—H o .o fk{p_“}(Z}.
then 7(z) € Sp(p — 1), provided that inequality (33) is satisfied.
We have to prove that (32) holds true for n = k + 1. For this, consider

T=t(z) = U‘lﬂ*—ﬂ "‘lezp_“ $ivni fk+1[p_“)(zj-
Now using the given hypothesis on fj(z),j= 1,2, ..., k and Lemma 5, we have
5 (Mfm[zj } fk“w](z)) - (T[m,[z} + ZT[P'*”(z})
p! p! p!
>1-2(1-a)(1—ay,,) (34)
where Mo-n(z)= (f1e-v * f20-0 x. . . * fke-») and
>a',a"=1+4(1—a,)(1 —a,)..(1 —a)(In2 — 1)k 1(—4)%2,

Mlp‘l{z]
p!
By using Lemma 4, from (34) we have

Re

Rer’”% >1+4(1-a)(1-ay)..(1 - a)(in2 — D)*(—4)1, z€E, k>2. (3%
Applying Lemma 4, (35) can be written as

T[.p_j} bt
REA >1-8(1—a')(1—ag,y).
zp!
Now with the same procedure used in Theroem 10, we have t(z) € S'p(p — 1), provided that
(1-a)(1-ap). . .(1- @)1~ ayr) < :

(8(In2-1)2+4H(-4)(In2—1)}k-1 "~
Therefore, the result is true forn = k + 1 and hence by using mathematical induction, (32) holds
true for all n > 2. This completes the proof.
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